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Spectral quantum algorithm for
passive scalar transport in shear
flows

Philipp Pfeffer'™’, Peter Brearley?3, Sylvain Laizet? & J6rg Schumacher*

The mixing of scalar substances in fluid flows by stirring and diffusion is ubiquitous in natural flows,
chemical engineering, and microfluidic drug delivery. Here, we present a spectral quantum algorithm
for scalar mixing by solving the advection-diffusion equation in a quantum computational fluid
dynamics framework. The exact gate decompositions of the advection and diffusion operators in
spectral space are derived. For all but the simplest one-dimensional flows, these operators do not
commute. Therefore, we use operator splitting to construct quantum circuits capable of simulating
arbitrary polynomial velocity profiles in multiple dimensions, such as the Blasius profile of a laminar
boundary layer. Periodic, Neumann, and Dirichlet boundary conditions can be imposed with the
appropriate quantum spectral transform. We evaluate the approach in statevector simulations of a
Couette flow, plane Poiseuille flow, and a polynomial Blasius profile approximation. For an advection—
diffusion problem in one dimension, we compare the time evolution of an ideal quantum simulation
with those of real quantum computers with superconducting and trapped-ion qubits. The required
number of two-qubit gates grows with the logarithm of the number of grid points raised to one higher
power than the order of the polynomial velocity profile.
The theoretical foundations for quantum computing were laid in the early 1980s by Benioff! and Feynman?,
but it was not until the 1990s that the field captured widespread attention with Shor’s algorithm for integer
factorization®. The emergence of quantum hardware capable of proof-of-concept computations* has further
added to the momentum, yet the number of industries that are set to benefit from quantum computing remains
disappointingly few®. Most modern supercomputing resources are dedicated to the numerical simulation of
partial differential equations (PDEs), where finding analytical solutions is often either impractical or impossible.
Developing quantum algorithms for these applications offers a practical way to advance the broader benefits
of quantum computing technology. Quantum algorithms for simulating the unitary dynamics governed by the
Schrodinger equation i dg/dt = H ¢ with Hermitian H = H', collectively known as Hamiltonian simulation
algorithms, are well-established®, with applications in quantum chemistry, materials, and particle E()hysics. The
focus in this work therefore shifts to the dynamics governing non-unitary evolutions where H # H', appearing
broadly across science and engineering in systems that exhibit dissipation or instability.

A prominent example of a non-unitary PDE is the advection-diffusion equation for the mixing of a substance
in a fluid flow’, which is given by
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The equation describes how a passive scalar field ¢(Z, t) is advected by an incompressible (divergence-free)
velocity field @(Z,t) subjected to diffusion characterized by a constant diffusivity D. Its coupling with the
incompressible Navier-Stokes equations, given by
ou
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with the condition V - @ = 0 and appropriate boundary conditions, is essential to fluid simulations used in the
aeronautical, automotive, chemical and renewable energy industries. In Eq. (2), the introduced quantities are
density p, pressure p, and kinematic viscosity v. In low Reynolds number flows, where ||[vV2@|| > ||ii - Vii|
and thus viscous forces dominate, the velocity field is laminar and can be obtained in analytical form without
the need to solve Eq. (2) numerically. These flows are typical problems in microfluidics® and lubrication systems’
where the characteristic length and velocity scales are small. Although the velocity field is known, predicting the
evolution of scalar fields such as concentration or temperature by Eq. (1) remains non-trivial, particularly for
v> D.

_By discretizing the spatial derivatives of Eq. (1), a system of ordinary differential equations (ODEs)
dd)/ dt = M ¢ for the discrete right-hand-side operator M is produced that can be targeted by general linear
ODE solvers!*-13. The central objective for a quantum algorithm is to efficiently transform a non-unitary ODE
into an equivalent unitary form governed by the Schrédinger equation. Several pathways have been proposed in
recent years, e.g., the linear combination of Hamiltonian simulation!? or Schrodingerization techniques”. An
insightful perspective comes from the decomposition of M into anti-Hermitian (unitary) and Hermitian (non-
unitary) components. The simulation of the Hermitian components is made possible by embedding the evolution
operator into a larger and overall unitary system, which is known as block-encoding'?. The probability to extract
this embedded output through measurement becomes an important aspect and can be improved by amplitude
amplification techniques!?, such as the repeated application of uniform singular value amplifications'>. However,
these techniques increases the circuit depth, for instance to a quadratic dependence on the evolution time'2.
Another direction is based on a truncated Dyson series of the ODE, which provides the solution of the ordinary
differential equation in the form of a time-ordered integral', and may be encoded in a linear system of equations
and solved with a quantum linear systems algorithm (QLSA)'®.

To overcome the shortfalls of general quantum linear ODE solvers, algorithms specifically targeting the
advection-diffusion equation'’~24, as well as its constituent advection equation?>?” and heat equation?® have
been developed in recent years. This has occurred in the context of the lattice Boltzmann method'”, variational
quantum algorithms'®2%2!, implicit time marching with a QLSA!??4 explicit time marching by block
encoding??, Hamiltonian simulation?>?°, and smoothed-particle hydrodynamics?’. However, these algorithms
typically require deep or many circuits, which presents a significant challenge to demonstrate near-term
quantum advantage.

In this study, we present a quantum spectral method for solving the advection-diffusion equation, motivated
by the efficient and well-known implementation of the quantum Fourier transform (QFT), and the exponentially
improved accuracy compared to other methods. Fourier methods have been applied previously to solve partial
differential equations, such as linear?*3® and non-linear’! wave equations or incompressible hydrodynamic
Schrodinger equations®2. We present simple quantum circuits for simulating the constituent processes of advection
and diffusion in Fourier space, each requiring O(log? N) gates to implement in one dimension, where N is the
number of grid points in the simulation. When both advection and diffusion can be diagonalized by the same
spectral transform, the sequential implementation of the individual algorithms in spectral space corresponds to a
simulation of the combined advection-diffusion dynamics, achieving the full exponential solution convergence
of spectral methods. We extend this to wall-bounded laminar shear flows under an x velocity u(y), with x and y
being the streamwise and wall-normal directions, respectively. Under these conditions, advection and diffusion
diagonalize under different multidimensional spectral operators, so operator splitting, such as described by the
Lie-Trotter product formula, is required. Despite the reduction in accuracy from exponential to polynomial, e.g.
from the first-order convergence of the Lie-Trotter product formula, the step size remains independent of the
computational grid unlike in explicit time-marching methods, thereby retaining the exponential advantage in
N. The overheads of the required number of operator splitting steps are also small, which we show by achieving
the accuracy of a 10%-order finite difference solution with four second-order steps per characteristic time scale,
where the simulations are performed on equivalent grids. Therefore, we find this to be a promising strategy for
simulating scalar transport processes on near-term quantum computers.

The following two sections will detail the algorithms for the individual implementation of advection and
diffusion. Then, details of their unification by operator splitting will be discussed. Numerical examples of scalar
transport in one- and two-dimensional flows are presented in the following section, followed by the concluding
remarks in the final section.

Spectral quantum advection step

The advection equation, ¢ /0t + i - V¢ = 0, inherently preserves the L?-norm of the passive scalar ¢ under
an incompressible velocity field , provided that the overall flux across the boundaries vanishes. To see this,
consider the time derivative of the squared L?-norm over a domain €2 as

%Aﬁ%wz24¢gdv— /7 V(6 /V MV+1f7VﬂMV (3)

Applying the divergence theorem and noting that V - & = 0, this reduces to
i/&wz ¢*(i1 - 71) dS, (4)
dt Jo ov

which vanishes for boundary conditions that nullify the flux across the boundary, such as periodic or
insulating wall conditions. Therefore, advection is inherently a unitary process. However, when the problem is
discretized in space to facilitate computation, discretization errors may result in a non-unitary evolution, e.g. for
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multidirectional velocity fields**. For a constant one-dimensional velocity, the unitary evolution is retained by
central finite difference and spectral methods of discretization.

One-dimensional case

The advection equation under a single, constant velocity component # on a periodic domain is a Hamiltonian
system in spectral space. The QFT maps the scalar in physical space to Fourier modes with wavenumbers k;
defined and ordered as

27T{j When0§j<% )

TTTL j-N when ¥ <j<N,

where NV = 2™ is the number of grid points, L is the length of the domain, and # is the number of qubits
encoding the solution. For a single Fourier mode $;(t) with wavenumber k;, the advection equation is
d¢; /dt = —iuk;p; with solution ¢;(t) = e~ "*it¢;(0). A Hamiltonian H = diag(uk;) can be constructed

to simulate the discrete evolution by ’qg(t)> = tHE |<;A3(0)> A quantum circuit for this evolution is derived as

follows. The index j in Eq. (5) has the following binary expansion for n qubits
n—1
i=Y 2q, ©6)
r=0

where ¢, € {0, 1} is the * qublt and qo is the least-significant qubit appearing at the top of circuit diagrams
(little endian). Rewriting e~ ““*i* in terms of the wavenumber definition in Eq. (5) and the binary expansion of
jin Eq. (6) results in

n—1
exp —iaz 2"qy when 0 < j < %
o iukit _ ri(ll (7)
exp | —ta [Z 2"qr — 2"]) when § < j <N,
r=0

where o = 2rut/L is the number of advective time scales multiplied by 2. Since the system has been
diagonalized in Fourier space, the scalar identity e®* = e®e® can be applied so that the evolution operator can
be written as the product

- n—2
—iukjt _ 2a2" | I —ia2” a2 lq, _ | I —ia2”
e 3 ar e dn—1 e 47"7 (8)
=0 r=0

and can be implemented by the quantum circuit shown in Fig. 1 a where P(6) = diag(1,e") is the phase
gate. Since the P gate is equivalent to the Rz (6) = diag(e™*%/2,¢%/?) gate up to a global phase, i.e.
Rz(0) = e~ /2 P(8), the P gates may be substituted for R gates with no observable impact. Figure 1billustrates
how these gates construct the corresponding rotation via Eq. (8). This linear phase gradient with the piecewise
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Figure 1. (a) Quantum circuit to implement the advection evolution operator on # qubits for a constant
velocity u in a periodic domain by diagonalization under the QFT with o = 2mut/ L. (b) Hlustration of the
action of the phase gates by the circuit with a color coding that corresponds to the gates in panel (a).
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shift requires a single gate per qubit in Fourier space, so n = log(V) gates. The piecewise shift introduced in
Eq. (5) is implemented by the positive phase acting on the most-significant qubit in Fig. 1, as derived in Eq. (8).
The circuit for implementing the exact QFT requires O(n?) gates, while circuits for computing the QFT to
accuracy ¢ requires O[n log(n/e)] gates®>. Using the latter implementation results in an overall gate complexity
of O(nlog[n/e]) = O(log N[loglog N + log{1/e}]) gates. This is independent of the advection velocity or
simulation time, as these quantities are captured in the phase rotations. The solution converges exponentially
in N resulting from the Fourier spectral method, so N = O(log{1/e}). Therefore, the gate complexity can be
written entirely in terms of the error as O (log[1/¢] log log[1/¢]).

Advection in laminar shear flow

In laminar wall-bounded flows, the velocity in the streamwise x direction u(y) varies as a function of the wall-
normal coordinate y, with the remaining velocity components v = w = 0. For example, a Couette flow consists
of two flat parallel plates separated by a distance L, where the bottom plate is stationary and the top plate is moving
atavelocity of U. This type of flow is commonly found in lubrication systems. The moving wall imparts a uniform
shear on the fluid with velocity u(y) = Uy/ L. Another paradigmatic case is a Poiseuille flow, where a fluid flows
between stationary walls in a pipe or channel driven by a uniform pressure gradient. Here, the velocity profile
is parabolic and equal to u(y) = 4U (y/L)[1 — (y/L)?] in the case of a channel with the centerline velocity
U. In laminar boundary layer flows, the velocity varies from zero at the wall to the free-stream value U over a
thin region adjacent to the surface®. For a steady, incompressible laminar flow over a flat plate with no pressure
gradient, the Blasius solution describes the boundary layer profile*’. A common polynomial approximation
with third-order accuracy is given by u(y) = 2U (y/J) — U(y/§)? with the boundary layer thickness . This
parabolic profile satisfies the no-slip condition at the wall and smoothly transitions to the homogeneous free-
stream velocity U. In the following, a methodology for simulating the advection-diffusion equation in shear
flows with polynomial velocity profiles is presented, using the three introduced flows as examples, which are
typical of two-dimensional mixing problems.

Since u(y) is the sole non-trivial velocity component, only the qubits corresponding to the x register are
required to enter Fourier space. Then, the y register in physical space can be used to control the polynomial
velocity profile u(y). The binary expansion of the wavenumber index j in Eq. (6) can be used to define the
wall-normal coordinate y = ( ::()1 27qr)/(2™ — 1) as a binary fraction. In all cases, we consider the non-

dimensional parameters L = 1 or § = 1 together with U = 1 for simplicity. Non-unity values only scale the
applied phases, having no impact on the efficiency, stability or accuracy of the simulation.
For a Couette flow where u(y) = y, the required phase operations to implement the velocity profile are

n—1 . n—1
; ) 0 2"qr 2"
e Wkt _ exp (—ikjtzro a ) = | I exp (—ikjtiq,«) . 9)

2n —1 27 — 1
r=0

The wavenumber k; has been left in its unexpanded form to avoid unnecessarily lengthy equations, since
following the same procedure in Eq. (7) results in the same phase pattern on the x register as the one-dimensional
case in Fig. 1. A quantum circuit for solving the advection-diffusion equation of a Couette flow by implementing
this strategy on n = 3 qubits per spatial dimension is shown in Fig. 2a. Since the velocity field is now variable,
we redefine the constant factor @ = 27Ut/ L as the effects of the variable velocity profile u(y) and k; are now
encoded in the coefficients. The domain is periodic in x with no boundary condition required in y since v = 0.
The construction requires O(log V') control qubit configurations on the y register and O(log IV) phase gates
per control configuration on the x register, resulting in an overall gate complexity of O(log? N) that matches the
exact QFT implementation.

For a plane Poiseuille (channel) flow, we use u(y) = 4y(1 — y). The required phase operations to implement
are therefore

LAY 2, "o 2'ar
exp <—zk‘jt 27;3 1 |:1 — 2;0_ 1

n—1 n—1
) 22+T(2n _ 1) _ 92+2r ' 93+r+s
= H exp (—zkjt @ 1) qr H exp ijtm%-% ;
r=0

s>r

n—1

which is demonstrated in Fig. 2b. Since y* = (3.7~ 2"¢,./[2" — 1])? can produce at most O(n?) terms, the

velocity field encoding requires O(log® N) control qubit configurations on the y register, resulting in the overall
two-qubit gate complexity of O(log® N) when accounting for the O(log N) gates per control configuration on
the x register.

The velocity profile of a laminar boundary layer is obtained by solving the Blasius equation. This has no exact
polynomial solution, but a commonly used Pohlhausen polynomial to third-order accuracy is u(y) = 2y — y°.
Therefore, the required phase transformation is
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Figure 2. Quantum circuits using n = 3 qubits per spatial dimension for simulating the advection equation
(a) in a Couette flow, (b) a Poiseuille (channel) flow, and (c) a boundary layer described by a third-order
approximation to the Blasius solution. The top three qubits correspond to the x direction and the bottom three
qubits correspond to the y direction. The phase coefficients for the Couette, Poiseuille and Blasius profiles are
calculated from Egs. (9), (10), and (11), respectively. Here, o = 2nUt/ L as the variable velocity profile u(y) is
encoded in the prefactors of « in each gate.

2
exp <7:kjt {

S a (s 2a)’

)

amn 1 (2n _ 1)2
n—1 n—1 (11)
) 21+7‘ 2n 1) = 22r ) 21+7‘+s
= H exp <—zk]-t ((2n — 1))2 qr H exp ijthrqs )
=0 s>r

where the quantum circuit for solving the advection equation with this velocity profile is shown in Fig. 2c. Since
the velocity field is also a quadratic function, O (log® N) gates are required.

The technique of encoding a polynomial velocity profile has been demonstrated using common linear
and parabolic velocity profiles, although this technique extends to arbitrary h-order polynomials requiring
O(hlog"*™* N) two-qubit gates to implement®. The Blasius profile may be simulated to the desired order of
accuracy using this general strategy.

Spectral quantum diffusion step

The heat equation, d¢/0t = DV?2¢, describes the diffusion of a passive scalar field in a medium at rest
with a constant diffusivity D. Unlike the advection equation, diffusive dynamics are inherently non-unitary,
which poses a fundamental challenge for simulating diffusion on quantum computers. The requirement for a
constant diffusivity is typical for diffusion under modest temperature variations, and causes the Laplacian term
to diagonalize under spectral transforms with a uniform grid, enabling the construction of efficient spectral
quantum circuits. In this section, we will extend the methodologies presented in the previous section to simulate
diffusion in a probabilistic framework.
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Quantum circuit with spectral accuracy
For a single spectral mode ¢; with wavenumber k;, the one-dimensional heat equation for periodic boundary
conditions simplifies to

d; A
T; = —Dk};, (12)

with the solution ¢;(t) = exp(— DEk3t t)¢;(0). By defining the diagonal positive semi-definite
H = diag(Dkj), Eq. (12) can be written in matrix form d¢/dt = —H ¢ with the solution ¢(t) = e~ H¢H(0).
In a quantum mechanical framework, this could be implemented by imaginary time evolution algorithms®*-%°
under a Hamiltonian H. We will implement the evolution by constructing exact circuits in spectral space,
exploiting the regular nature of diffusion on a uniform grld

Simulating the discrete spectral operator exp(— Dk 1) requires implementing the exponential of the squared
wavenumber. We will consider Fourier space as the spectral space to impose periodic boundaries. Other
boundary conditions follow later in the section. The squared wavenumbers for the QFT are defined and ordered

by

2 (2w 2 42 when0§j<%,
kf_(f) { (j— N)? when & <j <N. (13)

2
Defining 3 = Dt(2r/L)? as the Fourier number Fo = Dt/L? scaled by 47* quantifying the number of
diffusion time scales that have elapsed, the non-unitary evolution operator can be written as the piecewise
expression

DR o= B when 0 < j < &, (14)
“AU=N when ¥ < j < N.

Since the index j has the binary expansion in Eq. (6), 5> has the expansion

n—1
- (Z 2qu> 22%% +222’“+* gs. (15)
r=0

s>r

Therefore, the non-unitary evolution for j < N/2 can be written as

n—1 n—1
—B42 _92r _olt4r+s
e PIT — |J | e 2 qu] [l | e 2 quqs] ) (16)

r=0 s>r

These products can be implemented in a quantum circuit using a unitary block encoding since all of the
exponents are negative, ensuring that the magnitudes are less than one. However, when following the same
procedure for the j > N/2 term in Eq. (14) with (j — N)? = j2 — 2Nj 4+ N?, positive exponents arise from
the change of sign in the cross term —25.N. These correspond to an amplification in spectral space, and cannot
be directly implemented as a block encoding in a unitary circuit. To overcome this, we propose a method that
exploits the property of the modes for j > N/2 requiring the same processing as j < N/2, but in reverse
order and with a shift to j + 1. The squared wavenumbers in Eq. (13) for j > N/2 can therefore be written as
(2r/L)*(j + 1) for j = {N/2 — 1,N/2 — 2,...,0}, where the index for j > N/2 is simply the reverse of
the index for j < N/2. Consequently, this index has an entirely positive binary expansion of

(G + 1) <22 qr+1> 222Tqr+222T+quqs+2Z2 @+ 1, (17)

r<s

. 2
such that the exponents of e #U*1)” are negative and can be block encoded in a unitary circuit. This exponential

is given by the product
n—1 n—1
(s 2 _o2r _oltrts _ortl _
e BAUHDT _ |Ie 2°" Baqr |Ie 2 Baras ||e 27 Bar | o B’ (18)
r=0 r<s r=0

2
with the first two product terms being equivalent to the expression for e™#7" in Eq. (16).
To implement the circuit, it is convenient to define the special case of the Ry gate

[ e W}
)

U(v) = Ry [Qarccos (677)] = {m R (19)

where Ry is the real orthogonal rotation
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Ry (6) = { )} . 20)

This is because the controlled version of this gate can implement the non-unitary damping e~ ” when applied to
an ancilla qubit in the |0) state, conditional on measuring the ancilla qubit to again be in the |0) state. A similar
strategy was employed in a recent probabilistic imaginary time evolution algorithm® where it is applied term-
by-term after Pauli-string Trotterization. We use the technique between forward and inverse QFTs, thereby
implementing the entire diffusive propagator in a single step. Figure 3 shows the quantum circuit that implements
the full operator using the decompositions given in Eqgs. (16) and (18). The non-unitary product terms are
implemented by applying a controlled rotation U () on an ancilla qubit in the |0) state, where ~y encodes the
coefficients in Egs. (16) and (18), and the control qubits are determined by ¢, and g¢,. Postselecting on the
ancilla measurement outcome |0) after each gate removes the unwanted entanglement for the next operation.
Alternatively, a fresh ancilla qubit can be introduced for each operation with measurement performed at the end
of the computation, but this would increase the qubit requirements quadratically.

Since the first two product terms are identical for both piecewise expressions in Egs. (16) and (18), this
operation can be implemented across both halves of the state by excluding the most-significant main register
qubit from the operations. Then, the additional product terms for j > N/2 correspond to controlling operations
by this qubit being in the |1) state. The technique to reverse the wavenumber indexing for j > N/2 is achieved
by surrounding the entire transformation with CNOT gates, controlled by the most-significant main register
qubit.

'The diffusion operator can be implemented with O(log N) qubits and O(log® N) gates, where the spectral
processing has the same gate complexity as the spectral transformation (QFT) circuit. In terms of the error
where N = log(1/¢), the circuit requires O(log? log 1/¢) gates. The gate complexity is independent of ¢ as this
parameter only affects the angle of rotation in the Ry gates. Since the quantum circuit constructs the differential
operators exactly in spectral space, the probability of success is p(t) = [|¢(¢)[|*/[|$(0)||>, where ¢(t) is the
unnormalized solution. For sufficiently large values of 3, qﬁgt) converges to mean{¢(0)}, thereby limiting the
worst-case probability of success to poo = N|mean{$(0)}|*/||¢(0)|".

Implementation of Neumann and Dirichlet boundary conditions
The methodology described in the previous sections is capable of simulating various computational boundary
conditions due to the versatility of other discrete spectral transforms, such as the discrete cosine transform
and the discrete sine transform. Both of these transformations are unitary and can be implemented by efficient
quantum circuits, known as the quantum cosine transform (QCT) and quantum sine transform (QST)*.
Homogeneous Neumann (zero-gradient) boundary conditions can be implemented by considering even
symmetry around the computational boundaries. This can be implemented by substituting the QFT and QFT"
operations in Fig. 3 with the QCT and QCT", respectively. For this, we selected the most common type-II
transform*!, corresponding to ¢—_1 = ¢ and ¢ = $n—1, where ¢ and ¢n—_1 correspond to the boundary
nodes, and ¢_1 and ¢ correspond to ghost nodes beyond the boundary. This QCT operator is defined by

1
N when k£ =0

3 cos {E (n + l) k} otherwise
N N 2 ’

for k,n € {0,1,..., N — 1}. The QCT can be efficiently implemented, in essence, by applying a QFT of size
2N on a symmetric extension of the input*’. Because the reflected signal is even, all of the sine modes vanish and
only cosine modes remain. This can be implemented with the same O(n log[n/c]) gate complexity as the QFT*2,

VanWarWany
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Figure 3. Quantum circuit for solving the one-dimensional heat equation with spectral accuracy on N = 16
grid points with O(log? N) gates. Periodic boundary conditions are used. The circuit implements the products
in Eqs. (16) and (18). The unitary U is defined in Eq. (19), and the ancilla is measured to be |0) after each
application. The outer CNOT gates flip the second half of the spectrum to exploit the mirroring of the squared
wavenumbers, as discussed in the text.
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but with one additional ancilla qubit to perform the unitary reflection?’. The reflected domain is discarded by
uncomputation after the operation.

Homogeneous Dirichlet (i.e. zero-valued) boundary conditions can be implemented by considering odd
symmetry around the computational boundaries. The quantum sine transform (QST) of type-II corresponding
top_1 = —¢o and pn = —¢pn_1 is defined as

QST,, = \/Zsm [% (n+1) (k + %)] : (22)

fork,n € {0,1,..., N — 1}. Theaforementioned QCT algorithm implements the unitary [QCT, 0; 0, —¢ QST]
40 as block-diagonal. The initial state of the ancilla therefore determines the encoded condition, where |0) enacts
the QCT and |1) enacts the QST after a phase correction. The ancilla remains in its initial unentangled state
after the operation. While both operations are unitary, there are no efficient known circuits that can efficiently
construct the transformation without an ancilla qubit, to the best of our knowledge. Inhomogeneous Dirichlet
boundary conditions can also be encoded with the QST by evolving the fluctuation of the scalar about the steady
state ¢’ = ¢ — ¢, where the steady state scalar field ¢(z,y) = gort + T 0x$ + y Oy ¢ varies under the constant
linear gradients 0, ¢ and 0y ¢ and constant offset ¢og. The steady state ¢ does not affect the time evolution as a
constant offset and gradient vanish for a spatial second-order derivative. An advection-diffusion simulation of
a shear flow with inhomogeneous boundaries in the y direction is thus possible as @ = [u(y), 0] and the mean
scalar ¢(y) is a function of y only.

When implementing Neumann or Dirichlet boundary conditions via the QCT or QST respectively, the
wavenumbers are defined and ordered as k; = 7j/L for Neumann conditions and k; = w(j + 1)/L for
Dirichlet conditions, where j € {0, 1, ... N — 1}. The absence of negative wavenumbers simplifies the quantum
circuit implementation, where diffusion can be implemented simply by the two product terms in Eq. (16). For
simulations involving various boundary conditions, the definition of 3 is updated to 81 = Dt(2m/L)? for
periodic boundary conditions, and 32 = Dt(m/L)? for Neumann or Dirichlet boundary conditions, which is
simply the Fourier number Fo = Dt/L? scaled by 47 and 72 respectively.

Spectral quantum advection—diffusion

So far, quantum circuits for the individual simulation of advection and diffusion have been introduced. When
both the advection and heat equations are diagonalizable by the same spectral operators, the Fourier-transformed
operators commute and the individual implementations exp(—iuk;t) exp(—Dk3t) |¢%> correspond to the

combined dynamics of exp(—iuk;t — Dk’t) |¢§J> However, this condition only holds for very simple one-

dimensional flows.
A more general algorithm for simulating scalar transport can be obtained by combining the advection equation
and heat equation algorithms into an algorithm for the advection-diffusion equation by operator splitting. In the

simplest case for an evolution time t discretized by IV; time steps, the Lie-Trotter product formula is
XY = im

tX/N¢ tY/N. Nt
(6 / e / t)
Ni— o0

) (23)

where X and Y are the non-commuting right-hand-side operators for advection and diffusion, respectively.
Defining the time step At = /Ny, the error of the method can be estimated with the Baker-Campbell-Hausdorff
expansion*?

2
log (e* %) = XAt + VAt + %[X, Y]+ O(A), (24)

where the commutator [X, Y] = XY — Y X. The local truncation error term is O(At?), resulting in first-order

accuracy across the entire simulation time t. The error of the operator splitting can be estimated by analyzing the

leading-order error term, [X, Y]At? /2, although the assumption that the leading-order terms are dominant is

not always valid**. When considerin§ the two-dimensional advection—diffusion equation of a shear flow where
= —u(y)dz and Y = D(92 + 9;), we have

[X,Y]¢ = —u(y)dx (D[0:¢ + 050]) — D (92[—u(y)0=¢] + Oy [—u(y)dx])

/ " (25)
=D (24 (y) Ouyd + u" (y) 8ab) ,

revealing that errors from the velocity shear u’(y) grow with the mixed gradient 9,y ¢, as shear flows augment
Oy¢ at a rate that is dependent on 0,¢. An additional error source arises from the product of the velocity
curvature u”’ with the streamwise gradient O, ¢. As expected, the error vanishes for uniform velocity fields or
when ¢ varies as a function of y only. The accuracy can be improved to second-order using Strang splitting,
XY = i
N¢— o0

N,
(etX/QNz oY /Nt etX/QNt) ) (26)

and to arbitrarily higher orders of accuracy*. However, orders of accuracy greater than two necessarily involve
negative time steps®®, presenting challenges for parabolic PDEs like the heat equation. This can be overcome with
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complex time steps with a positive real part’, although its quantum implementation falls outside the scope of
this work. For second-order Strang splitting, N; = O(t>/2~1/2) since At = O(] z—://]l/2 )and N, = t/At, so
solving the advection-diffusion equation requires O(N;hlog" ™! N) = O(t3/2c=/?hlog"*! N) two-qubit
gates, where the h is the order of the polynomial velocity profile and its dependence was derlved earlier for
advection. Performing the exact time evolution for each operator improves over explicit time-marching methods
that must adhere to the Courant-Friedrichs-Lewy condition. This allows the gate complexity to be logarithmic in
N, compared to polynomial in N for quantum explicit time-marching?? or classical methods.

The quantum circuit for solving the advection-diffusion equation in a laminar shear flow by Trotter splitting
is shown in Fig. 4. The domain is periodic in the x direction, so the QFT is used as the spectral operator. At the
boundaries with respect to y, the zero-scalar-flux condition 9¢/dy = 0 is applied, so the QCT is used as the
spectral operator for the y register. The ‘Advection’ block may represent any of the controlled phase sequences
in Fig. 2 to implement the desired velocity profile. The QCT has been depicted acting on n qubits for simplicity
and to emphasize its unitary nature, although its current most efficient gate decomposition requires an ancilla
qubit for mirroring the state’.

Statevector simulations of advection—diffusion

Diffusive traveling pulse

The baseline performance and accuracy of the algorithm will be validated in a one-dimensional statevector
simulation with periodic boundary conditions. Here, the advection and diffusion operators commute, so full
spectral accuracy can be achieved. The initial Gaussian function ¢(0, z) = exp(—100(x — 0.5)?) forz € [0, 1)
is encoded in the solution register

|$(0)) = #(0,5/N)17), (27)
S ¢(0,5/N)? 2::

and is supplemented by one ancilla qubit for the overall initial state \0) ® |¢(0)). The fundamental solution to
the heat equation is Gaussian, given by ¢(t,2) = 1/v/4w Dt exp(—2>/4Dt) in response to an initial Dirac
delta condition ¢(0, z) = §(z). Therefore, the diffusion algorithm itself can be used to prepare a Gaussian initial
state by acting on a computational basis state, evolving under the conditions of Dt = 1/400. However, the
necessary boundary conditions restrict the range of usable states to cases where boundary values are negligible.
The solution in a periodic computational domain of length L is discretized using N = {8,16,32,...,512}
grid points. The simulation is evolved for ut/L = 1 for one complete pass of the domain with Fourier number
Fo = Dt/L? = 0.08. This corresponds to a Péclet number Pe = uL/D = 12.5 which is the ratio of the
advective transport rate to the diffusive transport rate. The quantum circuit that implements the evolution
is constructed by sequentially combining the Fourier-space operations shown in Figs. 1 and 3 while being
diagonalized under the same QFT operator. The analytical solution is

L 1 N (x —ut — [n+m))?
o(t, x) :/0 [m exp (7100(7770.5) ) Z exp ( 4D[:f7 1) >‘| dn, (28)

m=—o00

resulting from the convolution of the Green function for the heat equation at constant advection with the initial
condition of ¢(0, ), and summing over integer shifts using the method of images to enforce periodic boundary

D D |
V A\ %y
& <> QFT'
)
QCT QCTt +

I
[Us, [ Uss, [ Us, [ U2, [ 03, § U, [ U ] U ] U6, [ U [ Ui | U 0)
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Figure 4. Quantum circuit for simulating a Trotter step of the advection-diffusion equation in a two-
dimensional laminar shear flow using n = 3 qubits per spatial dimension, where the top three qubits
correspond to the x direction and the next three qubits correspond to the y direction. Ancilla qubit
measurements of |0) are required for successful execution. The boundaries are periodic in x and homogeneous
Neumann in y, leading to 81 = Dt(27/L)? and B2 = Dt(w/L)?. Example advection block implementations
are shown in Fig. 2. While the QCT is a unitary transformation, existing efficient circuits require one
additional ancilla.
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conditions. The evolution of the quantum amplitudes in the solution register for the case where N = 128 is
shown in Fig. 5a, and the greatest relative error norm at any stage of the simulation as a function of N is shown
in Fig. 5b. After simulating the entire duration ut/L = 1, the success probability is 25.1% and corresponds to
the theoretical p(t) = ||¢(t)|?/||¢(0)||? for this 1n1t1al condition.

The error norm has been evaluated from || |¢(t) £¢ WA by comparing the postselected quantum
statevector |¢(t)) with the analytical solution vector ¢(t), which is then appropriately normalized. The error
norm ranges between 0 for identical states and 2 for maximally different states. The simulation error rapidly
converges to machine precision by approximately N = 32 grid points due to the highly accurate spectral
evaluation of the spatial derivatives. Furthermore, the simulation has considerable accuracy using just N = 8
grid points, capturing the correct qualitative evolution with an error norm of approximately 0.009.

Scalar transport in laminar shear flows

Statevector simulations of the quantum algorithm applied to the advection—diffusion equation in shear flows are
presented in Fig. 6. The initial condition ¢(0, 2, 3) = exp(—100(x — 0.5)?) is identical to the one-dimensional
simulations in the former example. The two-dimensional computational domain is square with side lengths L
and has been discretized with a uniform 64 x 64 grid, requiring 12 main register qubits and an ancilla qubit
for a total of 13 qubits. The non-dimensional simulation time of Ut/L = 3 corresponds to three passes at the
location of maximum velocity U. The Péclet number is Pe = UL/D = 500, which has been substantially
increased compared to the one-dimensional example, as shear flows enhance the formation of scalar gradients,
significantly increasing the contribution of (92 + 0; )¢ and therefore the rate of diffusion. The simulations are
performed with Trotter splitting as shown in Fig. 4 or Strang splitting, which uses an additional advection block
for second-order accuracy in time. The advection block was implemented using the three circuits in Fig. 2 for
Couette, plane Poiseuille, and Blasius boundary layer profiles. The simulations are periodic in the x direction,
and use Neumann boundary conditions in the y direction with a zero gradient for all three cases. For a heat
transfer problem, this corresponds to thermally insulated walls. The probability of simulating the entire duration
Ut/L = 3 is comparable to the one-dimensional pulse simulation due to the same initial condition, and depends
on the rate of mixing induced by the shear flow. The probability of success is 33.3% for the Couette ﬂow, 30.3%
for the channel flow, and 35.7% for the Blasius boundary layer, each corresponding to p(t) = = le®)2/Il qﬁ 0) H2
Given the initial condition ¢(0), the final value of ||$(#)||* is determined by the Fourier number Fo = Dt/L?
measuring how many characteristic diffusion time scales L?/D have elapsed, which is simply a scaled version
of 1 and B32. This is independent of the number of advection time scales that have elapsed given by Ut/L, and
therefore their ratio given by the Péclet number Pe = UL/D.

Since this configuration is non-trivial, no analytical reference solutions are available. Thus, the quantum
solution is compared with a numerical solution obtained by a high-order finite difference method. This was
evaluated on an identical 64 x 64 grid using a tenth-order central finite difference scheme to evaluate the spatial
derivatives. The Neumann boundary conditions were implemented using a ghost-cell method that corresponds
to a reflection at half the grid spacing aty = —Ay/2 and y = L + Ay/2. For example, for the boundary node
¢o and first interior node ¢1, the corresponding ghost nodes are ¢_1 = ¢o, ¢_2 = ¢1. This does not reduce the
accuracy at the boundary, and matches the QCT implementation of type II. The dominant source of error in the
shear flow configurations arises from the operator splitting because the one-dimensional simulations in Fig. 5
show that the errors rapidly converge to machine precision for commuting operators. The laminar shear flow
simulations have been conducted for both Trotter (first-order) and Strang (second-order) operator splitting.
The error norm is defined identically to the one-dimensional case and shown for a single pass of the domain
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Figure 5. Statevector simulations of the one-dimensional advection-diffusion equation, showing (a) the
evolution of the quantum amplitudes (and thus the solution) for NV = 128 grid points, and (b) the error norm
versus grid size N. The error norm is obtained with respect to the normalized solution of Eq. (28). The time
evolution is done by a single time step.
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Figure 6. Quantum amplitudes computed with a second-order Strang splitting for the advection-diffusion
equation at integer passes Ut/L = 1, 2, 3, with a splitting step Ut/L = 0.5. The error norms for both
Trotter and Strang splitting methods are shown to the right at Ut/ L = 1 for various time steppings. They
are evaluated with respect to a reference solution, that is obtained via a tenth-order finite difference scheme.
Results are presented for three flow configurations: (a) Couette flow, (b) channel flow, and (c) a third-order
approximation of the Blasius boundary layer.

together with the respective contours in Fig. 6 with the number of steps. The smallest errors are obtained for the
Couette flow and the largest errors are obtained for the channel flow, consistent with the value of the maximum
velocity gradient for each flow and the theoretical expression in Eq. (25). In all cases, the error norm scales
with the theoretical orders of the Trotter and Strang splitting up to approximately 10~ where the accuracy of
the classical reference solution is reached. At this stage, a further decrease of At continues to reduce the error
according to the order of accuracy up until the spectral method becomes the dominant error source, but this
is not visible in the plot as the operator splitting solution has become more accurate than the reference finite
difference solution.
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End-to-end hardware execution

Finally, we execute the algorithm on two different real quantum processors to evaluate the prospects on
near-term quantum devices. We use the IBM Heron rl (‘ibm_torino’) with 133 nearest-neighbor-connected
superconducting qubits and the IonQ Aria with 21 all-to-all trapped-ion qubits.

The first step is state preparation. Since Fourier space simplifies many signals and particularly those
composed of simple sines or cosines, the initial state was prepared directly in Fourier space. This removes an
initial QFT and allows the preparation of an initial state proportional to 0.5(1 + cos ) directly as a sparse
spectral representation. A one-dimensional periodic domain of length L = 27 is discretized by N = 8, 16
and 32 grid points, requiring n = 3, 4 and 5 qubits in the main register, respectively. The Fourier-transformed
function has Fourier coeflicients of 0.5 at wavenumber k& = 0, and 0.25 at k = £1. Figure 7 shows the circuit
to prepare this spectrum as well as the general workflow for the quantum simulations. In normalized form, this
corresponds to the initial state

|6(0)) = \/§o>®" + \/g(m@("“ ® 1) +]1)%") . (29)

The little-endian convention is used, where the least-significant qubit is at the top of circuit diagrams and last in
the tensor product. This can be prepared by O(log V') two-qubit gates. The initial Ry single-qubit rotation gate
in Fig. 7 splits the unit amplitude to 1/2/3 on |0)®™ and 1/1/3 on [0)®" " @ |1). By a controlled Hadamard

gate H, we split the amplitude of 1/1/3 to \/1/6 on [0)*" ™ @ |1) and |0)®"~?) @ |11). The remaining task

is to incorporate |1)®™ into the superposition by the chain of CNOT gates in Fig. 7 to correct the trailing zeros
to ones.

The initial state is evolved by advection using the phase gates shown in Fig. 1 with @« = —7/2 corresponding
to a leftwards quarter pass of the domain. At this stage, we applied the QFT' and measured every main-
register qubit to inspect the performance for pure advection before incorporating diffusion. The statevector is
reconstructed from a production run with M = 10 shots (or repeated simulation runs with measurement) for
each case and shown in the first row of Fig. 8. The noise-free statevector, the target solution of the problem, is
illustrated as a black solid line for reference in each panel. We realized an ensemble of 10 production runs on
the superconducting IBM Heron platform and a single run on the trapped-ion platform. The shaded areas show
the minimum and maximum deviations over all runs. As the statevector provides the accurate measurement
probability p for each state, we interpret the corresponding minimum and maximum statistically. With the
binomial standard deviation o = \/p(1 — p)/M after M = 10* measurements or shots, the black shaded area

corresponds to the amplitudes by /p £ 3¢ in analogy to the empirical 3o-rule. This incorporates more than
99% of all realizations under statistical noise. We confirmed this for all given statevectors by classical sampling
for verification. For advection only, the qualitatively correct solution is obtained for all qubit architectures. The
trapped-ion qubits of the IonQ Aria perform more accurately overall and better capture the extremities of the
state. The superconducting qubits of the IBM Heron appear to add a diffusive effect by showing a less pronounced
wave. While more accurate in magnitude, the IonQ Aria shows a significant wavering around the true solutions
for the n = 4 and n = 5 cases, while the IBM Heron seems to have a smoother solution.

In the next test, the diffusion block is implemented after advection. Each ancilla measurement is performed
on a separate qubit, which can be implemented with the circuit in Fig. 3 using a new ancilla qubit per Ry gate.
Mid-circuit measurements are available on some devices*$, but were unavailable for our experiment. On the
one hand, additional qubits create a larger and thereby more challenging quantum system, while on the other
hand, mid-circuit measurements expose the state to readout crosstalk, which arises from the strong interaction
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Figure 7. Quantum circuit and parameters for simulating the one-dimensional advection-diffusion equation
with periodic boundaries on the real quantum devices. The initial state in the Fourier space, which is given by
Eq. (29), is encoded prior to the advection block. The advection block is implemented as in Fig. 1, and diffusion
block is implemented as in Fig. 3, but with an additional ancilla qubit for each controlled Ry gate. This meets
the specific hardware requirements of measuring all qubits at the end of the computation.
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Figure 8. Quantum statevector reconstruction by means of 10* shots (i.e., repeated runs of the simulation
with measurement starting with identical initial conditions to determine the n-qubit quantum state) from

a one-dimensional simulation on real quantum processors for pure advection (top row) and combined
advection and diffusion (bottom row). The quantum simulations have been executed for N = 2" grid points
onn = 3,4, 5 qubits in the main register. The profile has been transported for L/4U time units. The target
solution (black) is compared against the solutions from a superconducting (IBM Heron, blue) and trapped-
ion (IonQ Aria, red) platform. Solid lines are the reconstructed solutions. For the IBM Heron, the shaded area
displays the range reaching from the minimum to the maximum deviation in an ensemble of 10 successive
production runs. For the IonQ Aria, a single production run was possible only, such that the uncertainty range
cannot be plotted. For the ideal statevector simulations, the shaded area corresponds to the range of a standard
deviation of +30.

with the measured qubit while attempting to maintain isolation from the neighboring qubits*. For diffusion,
the parameter of 3 = —In(0.5) was passed, corresponding to a decay of 50% to the Fourier modes j = 1 and
Jj = N — 1, resulting in a theoretical success probability of 75%. We show the reconstructed statevector for the
combined advection and diffusion, which corresponds to the ancilla qubits being in the state [0)*™, in the
second row of Fig. 8. For n = 3, 4 and 5, we need n, = 6, 10 and 15 ancilla qubits, respectively. This results in a
total qubit number of 9, 14 and 20 for the three resolutions. The illustrated data is not normalized as the output
on ancilla qubits can differ from |0)®"™*. The results obtained for n = 3 show similar qualitative results for the
IBM and IonQ devices, but the IonQ device shows a greater success probability of 69% compared to 40% for the
IBM device, which is closer to the theoretical 75%. As the number of the qubits in the main register increases to
n = 4 and n = 5, this trend continues, with the trapped-ion qubits of the IonQ Aria succeeding with 71% and
70% success probability, compared with 18% and 3.6% for the superconducting qubits. Note that for the n = 5
result on the IonQ Aria, we manually addressed a coherent error which placed the solution not on state [0y®™e
but |1) ® [0)®™=~" on the ancilla qubits.

Overall, our experiments suggest that better performance is obtained for the trapped-ion architecture. The
IBM Heron r1 executes the algorithm faster with a median two-qubit gate time of 84 ns>’, which compensates for
the shorter phase coherence time T> & 100 ps®!, resulting a capacity for up to ~10? coherent two-qubit gates.
The IonQ Aria has alonger two-qubit gate time of 600 s, but also a longer coherence time of 7> ~ 1 s, which also
results in a capacity for up to ~10% coherent two-qubit gates*2. This is sufficient for our calculations by up to one
order of magnitude assuming all-to-all connectivity. The reported two-qubit gate fidelity of the IBM Heron rl
and the IonQ Aria quantum processing units is also comparable, at 99.5% and 99.6% respectively’>2. Therefore,
the increased performance of the ITonQ Aria device arises from its all-to-all connectivity and its low readout
error of 0.39%°2. This is in contrast with the nearest neighbor connectivity of the IBM Heron r1 and its median
readout error of 2%°. Nearest neighbor connectivity substantially increases the required number of two-qubit
gates, as the long-range gates require qubits to be routed through the register by a series of SWAP operations,
each requiring three CNOT gates to implement. Figures 1 and 8 show that state preparation and advection
respectivel;r can be implemented on nearest-neighbor qubits, but the diffusion implementation in Fig. 3 and the
final QF'T' operation require long-range interactions, benefiting the all-to-all trapped-ion architecture.

When comparing between the two platforms, we also emphasize that we did not use a comprehensive
circuit optimization. In both cases, advection can be realized by just two phase gates P(—7/2) and P(—7), as
successive gates (e.g P(—2m)) are simply the identity operator. We kept the SWAP gates in the inverse QFT to
have one full and regular QFT execution. Our initial condition given in Eq. (29) is strongly localized in Fourier
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space, so the decay in Fourier modes is only relevant by the first and last ancilla rotation in Fig. 3. As the initial
CNOT gates for periodic diffusion shift the initial amplitude of |1)®" to |1) ® [0)® ™), there exists no state
where two qubits are in state |1) simultaneously. Thus, all multi-controlled rotations are redundant for this initial
condition. On the quantum processors, all ancilla rotations are fully implemented to replicate the effects of a
more intricate initial state.

Conclusions

In this study, we have presented an efficient algorithm for simulating the advection-diffusion equation in
laminar shear flows. This was achieved by diagonalizing individual dynamics with appropriate quantum spectral
transforms, e.g. the QFT, then deriving explicit quantum circuits to simulate the resulting diagonal system
do;/dt = zk? b;,where z = —iuand g = 1 foradvection,and z = —D and g = 2 for diffusion. The systematic

derivation of quantum circuits can equally be applied to any dynamics described by a negative real or imaginary
z and a positive integer g, such as for higher-order derivatives. The combined advection-diffusion dynamics
were recovered by operator splitting, e.g. Trotter or Strang for first-order or second-order accuracy, respectively.
While operator splitting divides the evolution into discrete time steps, it avoids the stability constraints of explicit
time-marching methods as the splitting step At remains independent of the grid size Az. This has the crucial
effect of decoupling the number of time steps and therefore the circuit depth from the number of points on
the grid, thus retaining the exponential improvement over classical methods. The algorithm was demonstrated
by statevector simulation for two-dimensional shear flows and on superconducting and trapped-ion quantum
processors for one-dimensional flows.

Spectral methods efficiently diagonalize the differential operators, made possible by the regularity of the
problem under a constant transport coefficient (i.e. # or D) and a uniform Cartesian mesh. Pure advection is
a unitary process and, therefore, amenable to quantum computation, but it typically occurs under a turbulent
and therefore non-constant velocity field, preventing diagonalization. Diffusion imposes the opposite challenge,
as it is not unitary, but typically occurs under a constant diffusivity D, so it can be efficiently diagonalized. This
fundamental difference in physical behavior is likely to reward evolving by individual dynamics with favorable
approaches before being combined with operator splitting. We exploit the property of two-dimensional laminar
shear flows of the form u(y) that they can be considered as an ensemble of one-dimensional flows, and therefore
can be diagonalized by applying the spectral transform in one dimension only. More intricate, turbulent velocity
fields require replacing the advection implementation with more versatile but less efficient approaches?>. While
some irregularities can be studied, for instance non-uniform grids via Chebyshev polynomials, a compromise
in efficiency can be expected®.

The implementation of the diffusion operator requires a measurement of the single ancilla qubit after each
gate, resulting in O(log® N)_total measurements. The success probability is independent of the number of
measurements, as given by ||¢(2)]|?/|¢(0)||? of the unnormalized solution ¢(t). This requirement for frequent
mid-circuit measurement may introduce readout crosstalk errors on real hardware*’. Adding more than one
ancilla qubit allows the parallelization of many of the controlled rotations to reduce the circuit depth. If the
amplitude loss is known precisely, amplitude amplification'* can avoid intermediate measurements by amplifying
the target output to precisely 100%. Although this can release ancilla qubits for further use, the additional cost
of deeper circuits and the appearance of amplitude loss under analytical and real conditions need to be further
discussed for practical advantage.

Operator splitting can be applied to other dynamical systems evolving under different differential operators,
such as non-linear systems with source terms, but it remains to be seen whether relevant dynamics in fluid
mechanics can be realized without a significant amplitude loss. The conventional mitigation by amplitude
amplification may become problematic®!, which leads to the important question of whether the prevalent non-
unitarity of fluid flows is amenable to simulation on quantum computers. This work uses the desirable principle
of evolving without requiring intermediate measurements and re-initializations of the solution register®>. As the
solution cannot be visually inspected, we rely on the simulation to proceed without unexpected failures. The
accuracy and efficiency of spectral methods may improve this aspect, but artifacts such as the Gibbs phenomenon
may amplify imperfections in the state. The mildly dissipative nature of upwind finite difference schemes, while
much less accurate on smooth data, make them more robust to noise and discontinuities in the solution®.

For any processing scheme, the overall strategy still assumes that the input and output data can be efficiently
accessed, which remains a significant obstacle to achieving a practical quantum advantage®. Initial states that
are a finite-length Fourier series can be efficiently encoded by reconstructing the Fourier spectrum and applying
the IQFT, as demonstrated in the previous section. Considering such restrictions, we expect that quantum
computational fluid dynamics is likely to mature not as a wholesale replacement for classical solvers, but as a
specialized tool that is most powerful when regularity and reducibility of input, processing, and output coincide.

Data Availability

Data and source files are available from the corresponding author upon reasonable request.
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