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Summary
The interaction between wind turbine wakes and atmospheric turbulence is
characterised by complex dynamics. In this study, two major components of the
atmospheric boundary layer dynamics have been isolated, namely, the mean velocity
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profile shear and the thermal stratification, to examine their impact on the near-wake
development by undertaking a series of highly resolved large-eddy simulations. Subsequently, instantaneous flow fields are extracted from the simulations and used to
conduct Fourier analysis and proper orthogonal decomposition (POD) and compute
the mean kinetic energy fluxes by different POD modes to better understand the
tip-vortex instability mechanisms. Our findings indicate that shear can significantly
affect the breakup of the wind turbine tip-vortices and the shape and stable length
of the wake, whereas thermal stratification seems to only have limited contribution
to the spatial development of the near-wake field. Finally, our analysis shows that
the applied perturbation frequency determines the tip-vortex breakup location as it
controls the onset of the mutual inductance instability.
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I N T RO DU CT I O N

Wind turbine wakes have been characterised as a major factor impacting the power output and structural health of large-scale wind farms.1,2
Turbine wakes are subject to a complex ambient environment, which is characterised by strong shear, veer, thermal stratification and terrainspecific large-coherent structures.3 Thermal stratification is one of the most fundamental atmospheric boundary layer (ABL) parameters, as it
determines the mean velocity profile (shear) and the intensity and structure of turbulence.4 The effect of thermal stratification also classifies the
atmospheric surface layer into a neutral, unstable (convective) and stable ABL. The latter category of the stable ABL occurs at nighttime when the
ground is radiatively cooled and leads to stronger shear profiles and lower turbulence intensity.5–7 The combination of strong shear and a positive
thermal stability has a profound effect on the wake length, strength and profiles.8–10 For instance, the large-eddy simulation (LES) study of Abkar
and Porté-Agel11 showed that the wake deficit of a single wind turbine increases with increasing atmospheric stability, whereas Magnusson and
Smedman12 reported the same behaviour using field measurements. In quantifying the wake characteristics (length, expansion etc.) under strong
shear and thermal stratification, it is important to be able to identify a stable wake length, which is defined as the length of the wake region
extending from the rotor plane, where helical vortex structures are shed from the blades' tips, to the location where the tip-vortex system breaks
down to turbulence. As tip-vortices break up into smaller structures, the ‘stable’ wake field transitions to a far-wake field, which consists of
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smaller turbulent structures that are rapidly mixing with the ambient fluid.13 The magnitude of the stable wake length can be impacted by multiple
factors, including thermal stratification and the mean shear profile.
The problem of wind turbine tip-vortex stability can be traced back to the seminal work of Havelock,14 who studied the stability of motion of
rectilinear (line) vortices in a ring formation. Havelock's study considered a single ring formation with and without an assigned velocity field and
the addition of an outer boundary (wall). The stability of a helical vortex filament of finite core and infinite extent to small sinusoidal displacements
of its centre-line was many years later studied by Widnall.15 Her study identified three main modes of instability and classified them according to
their perturbation frequency. These are the very short-wave instability, the mutual inductance instability and the long-wave instability. Of particular interest is the mutual inductance instability, which arises when vortex pairing occurs due to out-of-phase perturbation of tip-vortices and
becomes prevalent as the pitch of the helix decreases. In a follow-up study, Gupta and Loewy16 considered the stability of a multiplicity of helical
vortices to model tip-vortices of helicopter rotors, showing that the number of helices as well as their pitch and vortex core width all play an
important part in the stability of the vortex system. The problem of helix vortex stability was recently revisited with both analytical17,18 and
experimental studies19 which identified additional mechanisms for stable vortex breakdown states and their dependence on the vortex system
characteristics.
Numerical investigations of tip-vortex stability have also been undertaken for simple uniform and sheared flow using the actuator line
method.20 Ivanell et al.21 used numerical modelling to further investigate the mutual inductance instability causing tip-vortex breakdown in a
uniform flow by applying a harmonic excitation at the blade tips. With the aid of Fourier analysis, they quantified the growth of the perturbation
and proposed an analytical model to predict the stable wake length based on the operating conditions and the scaled growth rate of the perturbation. In a follow-up study, Sarmast et al.22 investigated the stability of wind turbine wakes using modal decomposition techniques, that is, proper
orthogonal decomposition (POD) and dynamic mode decomposition. Their results confirmed that modes appear in pairs with the same energy
content and spatial structure but with a phase shift. They proposed an analytical expression to compute the stable wake length based on the level
of the ambient turbulence intensity. Later, an experimental investigation of the mutual inductance instability by Nemes et al.23 using a three-blade
hydrokinetic turbine and POD showed that the energy contribution of the POD modes decreases exponentially when ordered in terms of their
descending eigenvalues. The eigenvalue of a mode is relevant because its magnitude, as a fraction of the sum of all eigenvalues, is equal to the
percentage of energy that each mode contributes to the flow. More recently, Kleusberg et al.24 investigated the tip-vortex breakup mechanisms
of a single turbine in sheared flow up to 10%. They found that shear increases the stable wake length along the top and decreases it along the
bottom and that the stable wake length expression of Sarmast et al.22 can still provide a good estimate when shear is present. The effect of kinetic
energy transport and turbulence production within the shear layer of a turbine wake was recently investigated by Lignarolo et al.,25 who examined
the influence of the kinetic energy flux on the mutual inductance instability and highlighted its role in the onset of vortex distortion and
breakdown, which enhances turbulent mixing and kinetic energy transport across the shear layer. De Cillis et al.26 used numerical simulations and
undertook POD analysis to identify the coherent structures in the wake of a turbine with and without a supporting tower structure and further
quantified their contribution to break up of the tip-vortex system using the mean kinetic energy (MKE) entrainment of each POD mode as their
indicator. Their results provided useful insight by relating specific POD modes with distinct flow features, such as the helical tip-vortex spirals,
von-Karman vortices (due to the tower) and Kelvin–Helmholtz instability (due to wake shear layer). Their study also supported earlier findings by
Lignarolo et al.,25 who suggested that the helical spiral mode has a negative MKE flux, preventing helical vortices from breaking down to smaller
turbulent structures. Conversely, the tower has had a positive MKE flux, thus contributing to the wake's breakdown to turbulence.
In this numerical study, the problem of wind turbine tip-vortex stability is revisited by shifting our focus to the combined effects of shear and
thermal stratification under a fully controlled and idealised scenario. Our model serves as a simplified version of the turbulent conditions
experienced by utility-scale wind turbines and aims at extracting information germane to the stability mechanisms inherent to the wind turbine,
helical, tip-vortex system. It is also an extension of the work performed by Ivanell et al.,21 Sarmast et al.22 and Kleusberg et al.24 For our analysis,
we use highly resolved flow field snapshots obtained by means of scale-resolving simulations. The obtained data are subsequently analysed with
Fourier series, POD of the flow field and by computing the MKE fluxes. To this end, the remainder of this paper is organised as follows. Section 2
introduces the flow solver, simulation setup and data-analysis methods and provides a short validation study. Section 3 presents the results
starting with a qualitative assessment of the vorticity field and the wake area followed by Fourier analysis, global and local POD and eventually
the computation of the MKE fluxes. At the end, we discuss the main findings of this numerical study in Section 4.

2
2.1

METHOD

|
|

Flow solver

The turbulence-resolving simulations (LES) presented in this numerical study are performed with the high-order finite-difference wind farm
simulator WInc3D,27 which is part of the open-source framework of flow solvers Xcompact3D.28 For our simulations, we use the implicit largeeddy simulation (iLES) approach of Dairay et al.,29 which has been previously used to resolve wind turbine wakes.30 The equations governing the

3

HODGKIN ET AL.

dynamics of the wind turbine wake are the unsteady, three-dimensional, incompressible, Navier–Stokes equations given in a non-dimensional
form,
∂ui
¼ 0,
∂xi

ð1aÞ



∂ui
1
∂ui ∂ui uj
∂p 1
þ
þ D þ Fi ,
¼  uj

2
∂xi Re
∂t
∂xj
∂xj

ð1bÞ

∂θ
∂θ
1
¼ uj
Q,
þ
∂t
∂xj Re  Sc

ð1cÞ

where ui is the velocity vector field, p is the pressure field, θ is the potential temperature and Fi accounts for additional forcing (with i ¼ 1, 2,3
corresponding to the streamwise (x), vertical (y) and spanwise (z) directions, respectively), Re ¼ U0 R=ν is the Reynolds number based on the
reference free-stream velocity (U0 ), the turbine radius (R) and the kinematic viscosity (ν), and Sc is the Schmidt number. As no reference to a
particular explicit filter is made or written for Equation (1), the variables ui , p and θ should be interpreted as the grid-resolved variables. The
subgrid scales are modelled by the hyper-viscous momentum diffusion term, D, which is defined as

D¼



∂ 2 ui
∂
∂ui
,
þ
Qc ?
∂xj ∂xj ∂xj
∂xj

ð2Þ

where Qc is a hyper-viscous kernel used to construct an iLES operator through a convolution operation ð ? Þ. Further details are not provided here
for space considerations, but the interested reader is referred to the referenced studies29–31 for more information about this LES technique. One
thing we should emphasise however is that the present iLES approach is based on a strategy that introduces targeted numerical dissipation at the
smaller scales through the discretisation of the second derivatives of the viscous terms and does not involve the convective term (e.g. through
upwinding). Nonetheless, the amount of numerical dissipation that is added to the flow is controlled by the parameter ν0 =ν, which corresponds to
the added dissipation at the cutoff wavenumber. For this study, we follow the recommendation that was set forward by Deskos et al.,30 who
determined that values 100 ≤ ν0 =ν ≤ 1000 yield high-accuracy solutions for high Reynolds number flows. To this end, a value of ν0 =ν ¼ 500 was
selected after a preliminary study (not presented here) showed that the flow is not affected by the parameter ν0 =ν as long as ν0 =ν > 500. As far as
the forcing term (F i ) is concerned, it includes the buoyancy (gravitational) and turbine forcing terms. The former is defined by the Boussinesq
approximation so that the added gravitational force is equal to gΔθ=θ0 , where g is gravitational acceleration and θ0 is the reference temperature,
whereas the turbine forcing is modelled using a standard actuator line implementation.20,27
The discretisation of the governing equations is done using sixth-order compact finite-difference schemes for the spatial derivatives and an
explicit third-order Runge–Kutta scheme for time marching. The use of higher-order schemes necessitates special treatment of the non-linear
term of the momentum equation, which is computed in the skew-symmetric form for increased stability and to reduce aliasing errors.32 Likewise,
the non-linear transport term is evaluated in its non-conservative form due to the use of different types of boundary conditions for the density
field and velocity fields. The temperature diffusion term (Q) is defined in a similar fashion to the momentum diffusion term (D); the operators for
the derivatives in Q are the same as the operators in D. The Poisson equation, which guarantees the incompressibility of the velocity field, is fully
solved in spectral space via the use of relevant three-dimensional fast Fourier transforms (FFTs). By using the concept of modified
wavenumber,33 the divergence free condition is ensured up to machine accuracy. The pressure mesh is staggered from the velocity mesh by half
a node to avoid spurious pressure oscillations observed in a fully collocated approach.34 The simplicity of the mesh allows an easy implementation
of a two-dimensional domain decomposition based on pencils.35 The computational domain is split into a number of subdomains (pencils), which
are each assigned to a message passing interface (MPI) process. The derivatives and interpolations in the x-direction (y-direction, z-direction) are
performed in X-pencils, Y-pencils and Z-pencils, respectively. The three-dimensional FFTs required by the Poisson solver are also broken down as
series of one-dimensional FFTs computed in one direction at a time. Global transpositions to switch from one pencil to another are performed
with the MPI command MPI_ALLTOALL(V). Winc3D can scale well with up to hundreds of thousands of MPI processes for simulations with
several billion mesh nodes.35 Further details and extensive validation studies of this wind farm simulator can be found in referenced papers.27,30

2.2

|

Simulations setup

The simulations setup is based on a scale-model three-bladed turbine (with radius R ¼ 10:24 m) from experiments conducted in the wind-tunnel
at the Norwegian University of Science and Technology.36 The computational domain has a total size 10R  10R  10R, and the turbine is placed
at mid-height 2R downstream of the inlet as shown in Figure 1 (left). The domain is discretised with a uniform mesh of 513  513  513 nodes,
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F I G U R E 1 Left: Sketch of the computational domain with the turbines located at (0, 0, 0). It is discretised with a uniform mesh of
513  513  513 mesh nodes. Right: Control volume for the MKE flux calculation with Rc ¼ 1:2R, and the root vortex removed
(shown in dark blue)

giving a mesh resolution of Δx ¼ 0:02R, which sufficiently resolves the blades and wake features. The resolution of the present study is similar to
the resolution used in similar previous studies, see for instance.24 The Reynolds number is equal to Re ¼ 30,000 with a tip speed ratio (λ ¼ ΩR=U0 )
of 6, where Ω is the angular velocity of the turbine.
The discretisation of the blades within the actuator line method use 100 blade elements and a look-up table specific to the turbine's airfoil
characteristics to evaluates the lift, drag and pitch moment coefficients all based on the local Reynolds number. Additionally, a tip loss correction
factor37 is used near the tip of the blade. The actuator line forces are projected onto the fluid mesh with a smoothing parameter (ϵ ¼ 2:2Δx). For
the velocity boundary conditions, we consider a free-slip in the vertical and spanwise directions and inflow/outflow boundary conditions in the
streamwise direction with a uniform inflow velocity field applied at the inlet and a one-dimensional convection equation at the outlet to
effectively convect the turbulent wake outside of our computational domain. The time step for the present simulation is 0.0005 s, which guarantees a Courant–Friedrichs–Lewy number < 0.1. For our post-processing data analysis, we extract a total of 600 three-dimensional snapshots of
the wake field at a frequency of 0.05 s after the wake is fully developed and stationarity of the turbulent flow is established. A preliminary study
shows that mean statistics and POD modes are fully converged with as few as 600 snapshots and only a marginal difference of 1% between
600 and 1000 snapshots was observed.
To investigate the effect of shear on the turbine wake, a uniform velocity gradient can be set as
u1 ðx, y, zÞ ¼ U0 ðay þ 1Þ,

ð3Þ

where a ¼ ∂u1 =∂y is the vertical velocity gradient. For this study, a takes values 0, 0.1 and 0.2, corresponding to a shear strength of 0%, 10% and
20%. These agree with shear levels experienced by modern large rotor blades in a neutral and stable boundary layer.11 The effect of thermal
stratification on the flow is also investigated by imposing a uniform positive vertical temperature gradient across the entire domain,
θðx, y, zÞ ¼ θ0 ðby þ 1Þ,

ð4Þ

where θ0 is the reference temperature equals unity and b ¼ ∂θ=∂y takes the values 0, 0.01 and 0.02, resulting in vertical thermal stratification
strengths of 0%, 1% and 2%. The applied gradient is maintained with top and bottom wall fixed-temperature boundary conditions equal to the
initial values at these locations. For this study, the focus is on stable simulations (without a boundary layer) as they have been shown to have
complex dynamics, requiring the most POD modes to recreate substantial energy in the flow38 and present a problem to wind farm optimisation
as they have lower power outputs than neutral and unstable setups. To destabilise the tip-vortices and trigger turbulence, the flow can be
perturbed harmonically about the blade tip region. This is done by adding a body force to the streamwise (x-direction) momentum equation,
Fp ¼ A sinðkp ΩtÞ,

ð5Þ

where kp is the non-dimensional perturbation wavenumber. The amplitude, A ¼ 0.13, of the perturbation is chosen to match an equivalent
maximum perturbation turbulence intensity of 0.5% near the perturbation location when no turbine is present. This turbulence intensity has been
carefully chosen as it causes the breakdown of the helical vortices to occur within the studied domain (typically within a few radii downstream of
the blades), and it also matches previous work.21 The perturbation is applied in a region extending 0:5R on either side of the rotor plane at either
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side of the blade at all radii between 0:75R and 1:25R. This idealised simulation setup allows us to study the individual influence of shear and
thermal stratification on the tip-vortex dynamics, which would not be possible in turbulent or full boundary layer flow.

2.3

|

Fourier analysis

Fourier analysis is used to study the response of the wake to the applied tip perturbation.21 Using Fourier series, the flow field is decomposed into
its frequency
qﬃﬃﬃﬃﬃ components, also known as Fourier modes. The Fourier modes are extracted from the snapshots for the velocity magnitude
(umag ¼ u2i ) and over NF snapshots via

Φn ¼

NF
1 X
imnN2π
F,
umag,m e
NF m¼1

ð6Þ

pﬃﬃﬃﬃﬃﬃﬃ
where i ¼ 1, index m corresponds to the m th velocity magnitude field, index n refers to the n th Fourier mode, and NF is chosen to capture a
multiple of the full time period of the perturbation. The time period of the Fourier transformation is equal to 0:05NF , and for out-of-phase
perturbations, the perturbation time period is equal to 2 the blade passing time period (2T b ). The mode for which n ¼ 0:05NF =2T b is the one
capturing the dynamics of the perturbation frequency, and we denote this mode Φp . The maximum of Φp , as a function of streamwise distance,
can be defined as
cp ðxÞ ¼ maxðjjΦp ðx, y, zÞjjÞ,
Φ
y,z

ð7Þ

where ^ denotes the maximum value. This can then be used to evaluate the perturbation growth rate σ~ obtained with

σ~ ¼

2.4

|

cp Þ
d logðΦ
:
dx

ð8Þ

Proper orthogonal decomposition

POD is a modal decomposition technique that extracts coherent features of the flow by finding orthogonal basis vectors. The method of
snapshots39 provides a quick way to solve the eigenvalue problem to find POD modes. The method finds a set of orthonormal functions, ϕki , from
which the complete velocity field, ui , can be reconstructed

i þ
ui ¼ u

N
X

ϕki ak ,

ð9Þ

k¼1

where  indicates the averaged value over N snapshots, index k corresponds to the k th mode velocity field, ϕki is the velocity of mode k in
direction i and ak is the corresponding temporal coefficient (amplitude). The modes are ordered in terms of their energy contribution to the flow,
with the most dominant (energetic) first.

2.5

|

Mean kinetic energy flux

The contribution of each POD mode to the breakdown of the wake can be assessed by looking at the turbulent MKE flux, which is known to be
the biggest contributor to the wake breakdown.40–42 This term is extracted from the transport equation for the MKE as



∂  0 0
i ui uj ,
u
∂xj

i u
j . Hence, the turbulent MKE flux per unit area through a closed surface (Sc ) can be found by integrating the term over the
with u0i u0j ¼ ui uj  u
volume (V c ) enclosed by the surface via
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1
Sc


ð

FT ¼

Vc

∂  0 0
i ui uj dV c :
u
∂xj

ð10Þ

In the present work, the control volume is a cylinder (V c ¼ πR2c Lc and Sc ¼ 2πRc Lc ) centred on the turbine location with length (Lc ) and radius
(Rc ) with a cuboid of side length of 0:8R centred on the root vortex removed, as can be seen in Figure 1 (right) for Rc ¼ 1:2R. The individual
contribution of each POD mode can be assessed using the reconstruction in Equation (9), as described in De Cillis et al.26 The turbulent MKE flux
can be approximated with a finite set of modes as

u0i u0j ≈

N
X

ðak ϕki Þ

k¼1

N
X

ðal ϕli Þ ¼

l¼1

N X
N
X

ak al ϕki ϕlj ¼

k¼1 l¼1

N
X

λk ϕki ϕkj ,

ð11Þ

k¼1

where λk is the eigenvalue of mode k, which represents the strength of the k th mode. Following this, the total flux of MKE due to turbulent
fluctuations for a single mode is
1
Sc


ð

F kT ¼

Vc


∂ 
i λk ϕki ϕkj dV c :
u
∂xj

ð12Þ

The relationship between the local flux and the total flux is

f kT ðxÞdx;

F kT ¼

ð13Þ

ð

hence, the local MKE flux, as a function of x, is found using
1
Sc


ð

f kT ðxÞ ¼

Sc

2.6

|


∂ 
i λk ϕki ϕkj dydz:
u
∂xj

ð14Þ

Validation study

A validation study is carried out against the results presented in Kleusberg et al.,24 which investigates wind turbine wakes in uniform flow and
flow with a shear strength of up to 10%. Their setup is very similar to the present one with the only difference being the choice of numerical
methods, the size of the computational domain and the mesh resolution. Other parameters, such as the Reynolds number, blades and tip speed
ratios, have all remained the same. With this setup, two simulations are performed for validation purposes in which a sheared flow of 0% and
10% is applied along with zero wavenumber perturbation (kp ¼ 0), and the radial vortex growth rate is compared with the reference data of
Kleusberg et al.24 The radial vortex growth rate, which corresponds to the radial extent of the wake as a function of the distance downstream of
the blades, is found by plotting the length from the centre of the domain to the edge of the helical vortex. It is defined to include all mesh nodes
with an average vorticity of at least 10 at 90 intervals around the computational domain. Present results are plotted along with those of
Kleusberg et al.24 in Figure 2, showing excellent agreement with only small differences observed, which can be attributed to the different
numerical methods and the selected spatial resolution. The maximum error between the present results and the reference data is 2%, found at
180 (bottom) for 10% shear at x ¼ 3:1R downstream of the blades. Note that we have also examined the vortex growth rate for kp ¼ 3=2 with
0% and 10% shear, and an excellent agreement with the reference data was also obtained (not presented here for conciseness).

3

|

RESULTS

A selection of results from a total of 27 simulations is presented in this paper. The simulations were performed with three different perturbation
frequencies with kp ¼ 0, 3/2 and 9/2, three different shear strengths (0%, 10% and 20%) and three different thermal stratification strengths
(0%, 1% and 2%). Note that the case with no shear and no thermal stratification is referred to as the uniform case. Perturbation frequencies of
kp ¼ 3/2 and 9/2 were chosen as they give out-of-phase perturbations in which each vortex line interacts with both neighbours, with a time
period of 2T b . These perturbation frequencies trigger the mutual inductance instability (vortex pairing), causing the wake breakdown. Similar
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F I G U R E 2 Streamwise evolution of the radial vortex growth for uniform flow (left) and with 10% shear (right) for kp ¼ 0 (no perturbation).
Present data are in blue while the reference data of Kleusberg et al.24 are in red. The angles refer to the top (0 ), left/right (90 /270 ) and bottom
(180 ) of the turbine wake

single frequency harmonic perturbations were used in Ivanell et al.21 and Kleusberg et al.24 Preliminary simulations with frequencies of kp ¼ 3 and
4 were also performed. kp ¼ 3 corresponds to an in-phase perturbation, with no vortex pairing occurring in the computational domain of interest
that results in wake evolution identical to that of the unperturbed case (kp ¼ 0). kp ¼ 4 is an in-partial-phase perturbation so vortex pairing occurs;
however, the breakdown to turbulence is slower compared with out-of-phase perturbations. Shear and thermal stratification strengths were
chosen to closely resemble values experienced by modern large-scale wind farms in neutral and stable boundary layers,11 as discussed in the
introduction section.

3.1

|

Vorticity field and wake area

The development of turbine wakes can be visualised by looking at the vorticity magnitude up to 3:5R downstream of the turbines, in the present
study, as seen in Figure 3, for the simulations without thermal stratification. Without perturbation (kp ¼ 0) or shear, the wake can be characterised
by a helical spiral that gradually expands radially as it evolves downstream of the turbines without breaking down to turbulence for the computational domain of interest. The addition of an out-of-phase perturbation causes the helical spiral to break up as the perturbation grows, caused by
vortex pairing, for example, see the case with kp ¼ 3/2 and no shear. The vortex pairing is caused by the mutual inductance instability, triggered
by the perturbation at the blade tips. It can be seen in Figure 3 that the breakup location, where the helical vortices start to interact together,
depends on the perturbation frequency. The cases with kp ¼ 3/2 correspond to a large wavelength and consequently result in a rather early
breakup as the amplitude of the perturbation grows quickly, irrespective of the shear strength. The cases with kp ¼ 9/2, with a smaller wavelength, take longer for the perturbation amplitude to reach a level large enough to cause vortex pairing and trigger the transition to turbulence.
The shear strength also affects the transition to turbulence. It acts to lengthen the stable wake length along the top and shorten it along the
bottom. A consequence of shear is that the helical vortices are convected faster at the top than at the bottom, as clearly seen in cases where a
zero perturbation is applied. As a result, the spacing between vortex lines, also called the streamwise vortex separation distance, at the top is
larger than the one at the bottom, with vortex pairing first occurring at the bottom where the vortex lines are closer to each other. For the case
with kp ¼ 0 and 20% shear, the transition to turbulence is happening from around 2R downstream of the turbine at the bottom, whereas no transition is observed with a 10% shear profile. For perturbed cases, the breakup of the tip-vortices occurs after the same number of rotations for all
vortex filaments, but because the lines are slanted and the streamwise vortex separation distance is greater at the top, the top of the turbine wake
does not transition to turbulence within the computational domain of interest. The perturbed cases in Figure 3 also suggest that the mechanisms
behind the transition to turbulence are likely to be different with and without shear, which will be confirmed later in this article by means of
Fourier analysis and POD of the velocity field. In the far-wake field the turbulent structures become smaller and less recognisable as the flow
continues to break down to smaller structures, with interaction of helical tip and root vortices. These small structures start to dissipate, with an
increased rate of mixing with the ambient. For cases with perturbations, the imprint of the mutual inductance instability can be seen up to the
end of the computational domain (not shown here for brevity) as the vortical structures are grouped in a number of ‘lobes’ relating to the
wavelength of the perturbation.
To visualise the effect of thermal stratification and to better understand the effect of the applied perturbation at the blade tips, the helical
vortices can be plotted as planar vortex lines in the (θ, x) plane, as shown in Figure 4. The vortex lines are cut along the top, flattened out and plotted as a function of their downstream position from the turbines. Each plot corresponds to a perturbation and shear strength with or without
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F I G U R E 3 Development of the helical vortices for the cases with no thermal stratification, shown with an isocontour of the vorticity
magnitude ω ¼ 15:65

thermal stratification. Dashed lines on the plot divide the wake into linear, transition and turbulent regions, as defined for the no-shear case.
These regions are used in subsequent analysis. The linear region is defined from 0:5R to remove any root-vortex effects. The transition region
begins at the first sign of oscillation of the vortex lines (at 1:5R for kp ¼ 3/2 and 1:8R for kp ¼ 9/2). Once the vortex lines have interacted with
each other (crossed), the turbulent region begins (at 2R for kp ¼ 3/2 and 2:8R for kp ¼ 9/2). The streamwise extent of the transition region for
kp ¼ 3/2 is half that of the kp ¼ 9/2 one, confirming that the transition to turbulent is happening faster for kp ¼ 3/2. The mutual inductance
instability can be seen clearly for the 0% shear cases, where the vortex lines, which are initially parallel, start to interact with each other. The
vortex pairings can clearly be seen in this figure and the imprint of the perturbation. For the cases with no shear and kp ¼ 3/2, three vortex
pairing regions are initiated for θ ¼ 105, 225, 345 , while nine vortex pairing regions can be observed for kp ¼ 9/2. Interestingly, the imprint of
the perturbation is weaker when the shear is increased with only one dominant pairing region around θ ¼ 180 for both perturbations
(corresponding to the bottom of the wake). The most notable result in Figure 4 is that the thermal stratification seems to have a negligible effect
on the breakup of the tip-vortex system and its transition to turbulence. The dominant factors affecting the breakdown to turbulence are the
shear strength and the magnitude of the frequency of the perturbation at the blade tips. In fact, adding thermal stratification only marginally alters
the shape of the planar vortex lines, with a slight earlier destabilisation of the tip-vortices when thermal stratification is added to the flow. This
trend is consistent with Figure 5, in which a slight increase of the perturbation growth is reported when thermal stratification is added to the flow.
These trends might be counter-intuitive with results observed in the ABL where stable thermal stratification can delay the transition to turbulence
of turbines wakes by suppressing turbulence. In the present idealised setup, with no boundary layer or wall effects, thermal stratification does not
have the ability to suppress the wall shear stresses leading to reduced turbulence levels.43 For cases with no shear, an unstable profile could be
observed by flipping the computational domain upside down. Hence, the sign of the thermal stratification alone does not have opposite impacts
on the streamwise location of the transition to turbulence as we do not have a boundary layer.
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F I G U R E 4 Planar vortex lines for kp ¼ 3/2 (top) and kp ¼ 9/2 (bottom) with 0% shear (left), 10% shear (middle) and 20% shear (right). Blue,
green, red colours correspond to 0%, 1%, 2% thermal stratification, respectively. Dashed lines mark the start of the linear, transition and turbulent
regions

The shape of the wakes can be seen in Figure 5 at three different streamwise locations downstream of the turbines for all 27 cases. The
boundary of the wake is found by computing the convex hull of all points with a mean vorticity (ω) ≥ 4:5. Note that the boundary and the shape
of the wake are impacted by the applied perturbation forcing, often leading to an irregular pattern, depending on the perturbation wavelength. At
a distance of 1R downstream of the turbines, the perturbation does not cause a big difference in the wake shape. The wake has a circular shape
with a radius of about 1:15R and the effect of thermal stratification is still not detectable. With increasing shear, the shape of the wake is changed
from strictly circular to ellipsoidal. The lateral dimensions of the wake in shear are the same as the cases with no shear, but the wake extent at the
top is marginally reduced while it is increased up to 1:3R at the bottom, with a downward shift of the centre of the ellipse. The effect of thermal
stratification can only be seen at the bottom of the wake with an increase of the wake extent when thermal stratification is added to the flow.
It should be noted that the difference in the wake shapes at 1R between the cases with thermal stratification strengths of 1% and 2% are negligible. Further downstream, at a distance of 2R from the turbines, the imprint of the perturbation can clearly be seen, especially for the cases with
kp ¼ 3/2. The effect of the thermal stratification here is more pronounced, particularly for the highest-shear-strength case and especially for the
bottom half of the wake where an increase of its radius is observed. Conversely, changes in wake radius for the top half of the wake are still small
when thermal stratification is present. Finally, at a distance of 3R downstream of the rotor plane, it is clear that the centre of the wake has been
shifted downwards as a result of the applied shear. The largest wake expansion is observed for the cases with the kp ¼ 9/2 and shear levels of
20%. If no shear is applied to the background flow, thermal stratification has very little to no influence on the wake shape, which is found to be
dominated by the magnitude of perturbation frequency. This suggests that thermal stratification may not impact the breakup of the turbine tipvortices, but it does affect the shape of the wake and therefore may influence the transition to turbulence and the dynamics of the far-wake field.
To quantify the effect of shear and thermal stratification, the wake area is calculated using the shoelace formula (Gauss's area formula). The
percentage differences with respect to the uniform case are plotted in Figure 6 at a streamwise distance of 1R, 2R and 3R downstream of the
blades for each perturbation. The uniform case has the smallest area at each location, hence why it is used as the reference value. The computed
percentage differences confirm our qualitative observation that shear and thermal stratification act to increase the area of the wake. The largest
percentage difference from the uniform cases are reported for 20% shear + 1%/2% thermal stratification with an increase of the wake area of
more than 15% for kp ¼ 9/2. The increase of the wake area is less important when thermal stratification is removed (for kp ¼ 9/2), confirming that
thermal stratification impacts the evolution of the wake more importantly when shear is present. With no shear and thermal stratification, the
increase of the percentage differences is minimal. It suggests that there is a strong connection between shear and thermal stratification, which
affects the dimension of the wake, irrespective of the perturbation. Another interesting result for kp ¼ 3/2 is that the percentage difference for
the wake area is bigger at 2R than it is at 3R downstream of the turbines, implying that the growth rate of the wake is slowing down between
those two locations, which is not the case for kp ¼ 9/2. Finally, there is a significant increase of the wake area when the shear strength is
increased from 10% to 20%.
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F I G U R E 5 Shape of the wakes defined by the convex hull containing all mesh nodes with respect to the mean vorticity magnitude ω ≥ 4:5, in
the y - z plane at three streamwise locations downstream of the turbine. Circle, square and triangle symbols correspond to 0%, 10% and 20%
shear, respectively. Blue, green and red colours correspond to 0%, 1% and 2% thermal stratification, respectively

3.2

|

Fourier response

As already reported by Ivanell et al.21 and Kleusburg et al.,24 the added perturbation imposed at the blade tips grows exponentially after a brief
period of receptivity. An example of the transition from the linear to the turbulent regions is presented in Figure 7. As the perturbation travels
along the helical vortices, the amplification of the perturbation causes distinct lobes to be formed in the flow field, with each lobe relating to half
a wavelength of the perturbation. The location of each lobe can be found using the POD analysis, which will be presented next in Section 3.3. As
the lobes are located at the boundary of the wake, they are amplified differently depending on the perturbation. To this end, we use Fourier
analysis to investigate the effect of shear and thermal stratification on the spatial development of the perturbation. Our method, however, differs
from that of Ivanell et al.21 as a fixed time between saved snapshots is used for our analysis. In order to properly isolate the perturbation response,
it is necessary to select a number of snapshots with a total time period as close as possible to a multiple of the perturbation period. For all cases,
25 snapshots (NF ¼ 25) are selected to capture 4  2T b with an error of 0.15%, hence the fourth Fourier mode isolates the perturbation dynamics.
The growth rate of the perturbation for each lobe is found following the method presented in Section 2.3.1, with Φp ¼ Φ4 , by computing the
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FIGURE 6

Percentage difference from the uniform wake area for each case at 1R (blue), 2R (green) and 3R (red) downstream of the turbine

cp , the maximum of the perturbation Fourier mode magnitude, on a log plot against streamwise distance from
F I G U R E 7 Development of Φ
the turbine (the growth rate is the gradient of the linear portion). The wake can be visualised on the left to show where the perturbation growth
is linear compared to the wake development. The example shown is for kp ¼ 9/2 with a uniform flow

maximum for slices in the (y, z) plane, each encapsulating a lobe. Figure 7 shows the shape of the maximum of the magnitude of this mode on a
log plot compared with the vorticity magnitude to show the wake evolution. The streamwise dimensions related to the linear, transition and
turbulent regions are also labelled in the figure. An initial settling period can be seen between 0 and 0:5R. After this the perturbation starts to
grow and becomes exponential (linear on the log plot) between 0:5R and 2:5R. The exponential response of the perturbation is between the linear
and transition regions as defined on the diagram. At about 2:5R downstream of the turbine, the response tails off, triggering the end of the
transition region and the start of the turbulent region. Once the wake is turbulent, the magnitude of the mode increases again but at a very slow
rate, suggesting that its imprint is not the dominant mechanism driving the evolution of the wake.
The left-hand side of Figure 8 shows the isolated POD mode related to the perturbation, which shows the distinct lobes and their
radial positions (this mode is also shown in Figure 9). The growth rate for each lobe is displayed in the right-hand side of Figure 8 for kp ¼ 3/2 and
kp ¼ 9/2. Note that the growth rate of each lobe is plotted at its centre. Due to the number of cases, the gradient is found automatically using a
script that calculates the gradient of all sections of 0:5R length from 0:5R to 3:5R using linear regression. To capture the linear portion of the
response, gradient values with a regression coefficient larger than 0.99 are selected and the average is found. To ensure the most accurate
solution, values that fall outside of 1 standard deviation are then removed and the average is computed again. Note that the final value for the
standard deviation over the mean of the gradients is <0.1 for all cases. It can be seen that the location of the lobes corresponds to the location of
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F I G U R E 8 Polar plot of the growth rate, σ~, of each lobe, with three lobes for kp ¼ 3/2 (top) and nine lobes for kp ¼ 9/2 (bottom) with and
without shear and thermal stratification. The angle refers to the radial position around the turbine with 0 corresponding to the top of the wake.
The shape of the lobes (mutual inductance POD mode) is displayed on the left, with red showing a positive isocontour and blue showing a
negative isocontour. Circle, square and triangle symbols correspond to 0%, 10% and 20% shear, respectively. Blue, green and red colours
correspond to 0%, 1% and 2% thermal stratification, respectively

the vortex pairings observed in Figure 4. As expected with no shear and no thermal stratification, the growth rate is radially the same as the perturbation is growing with the same intensity around the rotor. For kp ¼ 3/2, the growth rate is about 2.7 and for kp ¼ 9/2, it is 2.8. For kp ¼ 9/2,
this rate is about 0.5 larger than the growth rates reported by Kleusberg et al.,24 but in our simulations, the breakdown to turbulence is happening
sooner (by about one vortex rotation), hence the larger growth rate. However, it should be noted that the trends are similar. Shear increases the
growth of the perturbation near the bottom and decreases it near the top, relative to the growth rate of the uniform case, with our rates
remaining about 0.5 larger than comparison results.24 The effect of thermal stratification is much smaller than the effect of the shear, and it is
mainly influencing the sides of the wake (around 90 and 270 ). The growth rate for each lobe is different as the lobes are not arranged symmetrically with respect to the vertical direction. The highest growth rate is therefore observed for the lobes located the closest to 180 as the shear is
the dominant mechanism contributing to the growth rate of the perturbation. Differences are more visible for the kp ¼ 9/2 case, as the large number of lobes provides more information regarding the growth of the perturbation. As already discussed, the effect of the thermal stratification is
more pronounced when the shear is strong. It should be noted, however, that the small differences in growth rate because of the applied thermal
stratification profile do not affect the tip-vortex breaking mechanism.

3.3

|

Proper orthogonal decomposition

In this subsection, a POD analysis is used to offer insight into how shear and thermal stratification affect the wake shape and ultimately the
instability mechanism. POD modes are calculated for the full near-wake region (0:5R – 3:5R) for visualisation and analysis of the POD modes
after removing from our analysis the root vortex. Subsequently, we calculate the POD modes for the linear, transition and turbulent regions. We
should note that the location and streamwise extent for these regions are different for each perturbation frequency.
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F I G U R E 9 Structure of first two mode pairs - shown is mode 1 and mode 3 for kp ¼ 3/2 and kp ¼ 9/2. The first two mode pairs correspond
to a helical spiral (mode 3 for kp ¼ 3/2 and mode 1 for kp ¼ 9/2) and the mutual inductance instability (mode 1 for kp ¼ 3/2 and mode 3 for kp ¼
9/2). There are either 3 or 9 lobes depending on the perturbation. Red corresponds to a positive isocontour, and blue corresponds to a negative
isocontour

3.3.1

|

Full wake: 0:5R– 3:5R

Figure 9 shows the shape of mode 1 and 3 (i.e. the shape of the first two mode pairs; only one POD mode of each pair is shown for conciseness)
for the perturbed cases with 0% and 20% shear. The POD modes with thermal stratification are not shown as they are virtually the same as the
ones with no thermal stratification. The first two mode pairs (modes 1–2 and 3–4) correspond to a helical spiral pair (generated by the tip of the
blades) and a pair forming the mutual inductance instability (generated artificially via the perturbation at the blade tips). The main difference
between the two perturbation frequencies is that, for kp ¼ 3/2, the mutual inductance pair is the most energetic pair (pair 1, modes 1–2) whereas
for kp ¼ 9/2 the helical spiral is the most energetic pair (pair 1, modes 1-2). As already seen in the previous section, the mutual inductance
instability modes have distinct lobes, which relate to half a wavelength, with three lobes for kp ¼ 3/2 (pair 1, modes 1–2) and nine lobes for kp ¼
9/2 (pair 2, modes 3–4). Figure 9 shows that the mutual inductance modes are more visible towards the end of the studied computational domain,
whereas the helical spiral modes are more pronounced at the start of the computational domain (during the receptivity period for the
perturbation). As a result, the shear is primarily affecting the mutual inductance pair of POD modes for both perturbation frequencies and then
the helical spiral pair of POD modes. The mutual inductance instability modes are elongated at the bottom of the computational domain and are
barely visible at the top of the domain. We also note that the shapes of the mutual inductance modes and helical spiral modes are similar to the
one observed in Sarmast et al.22 for their flow configuration.
The energy content of a mode is found using the eigenvalue of that mode as a percentage of the total sum value of the eigenvalues. Due to
the nature of the wake, transitioning from a laminar state to a turbulent state, the first two pairs of modes (modes 1–2 and 3–4) always contribute
to at least 80% of the total energy of the flow. Figure 10 shows the energy percentage of the first 10 pairs of modes, with the most dominant pair
of modes at the bottom in red and the 10th most dominant pair of modes at the top in blue. Inherently, the uniform flow case has the highest
cumulative energy for the first 10 pairs of modes, reaching almost 100% of the total energy, as the wake only becomes turbulent at the very end
of the computational domain of interest. Shear alone decreases slightly the cumulative energy. For the cases with thermal stratification but not
shear, there is a small reduction in the total energy from the first 10 pairs of modes. The combination of 20% shear + 1% thermal stratification is
the one for which the first 10 pairs of modes have the least cumulative energy (94% for kp ¼ 3/2 and 91% for kp ¼ 9/2). It suggests that this
combination of shear and thermal stratification generates the most complex flow out of the different configurations studied in the present
investigation. As a side note, the combination of 20% shear + 1% thermal stratification resembles the values observed in a stable boundary
layer,11 so they are representative of a practical setup of turbines in a wind farm. In line with our results, it was found recently that a stable
boundary layer requires significantly more POD modes than neutral or convective boundary layers to capture the same energy content.38 Finally,
we note that the energy percentages obtained for the high-frequency perturbed cases of kp ¼ 9/2, produce marginally lower cumulative energy
when compared to that of kp ¼ 3/2.
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F I G U R E 1 0 Energy percentage for the first 10 pairs of modes for the perturbed cases. The modes are ordered in terms of energy percentage,
with the most dominant at the bottom of the plots in red

F I G U R E 1 1 Energy percentage for POD modes for the linear, transition and turbulent regions. The type of POD modes is indicated at the
top of the bars with a symbol: circle for the helical spiral, square for the mutual inductance instability and triangle for the helical spiral harmonic

3.3.2

|

Linear, transition and turbulent regions

The full domain POD data give us a general indication of the overall coherent structures and their respective energy content. However, as the
wake is transitioning from its laminar state to a turbulent state, it is instructive to perform a local POD analysis for the linear, transition and
turbulent regions, as those were defined in Figure 4.
The percentage energy of the first four modes for each region is shown in Figure 11 for the cases with a non-zero perturbation frequency.
The first four modes (two pairs of modes) constitute a helical spiral and the mutual inductance instability, except for a few cases in the linear
region for which the second pair constitute a harmonic of the helical spiral. The shape of the mode is indicated by the symbol at the top of the bar
(circle for the helical spiral pair of modes, square for the mutual inductance instability pair of modes and triangle for the helical spiral harmonic pair
of modes). The evolution of the energy percentage for the POD modes when the wake is transitioning to turbulent is the same for all cases and
can be summarised as follows. In the linear region, the helical spiral modes are dominant (circle symbols) with an energy percentage between 40%
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and 50%, whereas the mutual inductance modes represent less than 10% of the total energy. In the transition region, the different dominant
modes have more or less the same energy content between 20% and 30%, with slightly higher percentages for the mutual inductance modes,
except for the uniform cases with kp ¼ 9/2. In the turbulent region, the mutual inductance modes are dominant (square symbols) with an energy
percentage more or less between 30% and 40%, whereas the helical spiral modes represent about 10% of the total energy.
In the linear region, thermal stratification alone does not affect the energy percentages of the helical spiral and mutual inductance modes.
When a high level of shear is added to the flow (20%), there is a reduction of the energy percentage of the helical spiral modes associated with an
increase of the energy percentage of mutual inductance modes. Thermal stratification is amplifying this transfer of energy between different pairs
of modes. As a result, the transition to turbulence is occurring earlier than in the uniform cases, as already noted in the discussion following
Figure 3. These trends are the same for both perturbation frequencies, however they are more pronounced for kp ¼ 3/2. Finally, with no or less
shear (i.e. 10%) and kp ¼ 9/2, the mutual inductance modes become less energetic than the modes associated with the harmonic of the helical
spiral modes (triangle symbols). Still, these modes contain a very low energy content.
Moving on to the transition region, the effect of shear and thermal stratification is found to be less pronounced than in the linear region.
Overall, the helical spiral modes are not the dominant modes anymore in term of energy content, except for very few cases with kp ¼ 9/2 with no
shear. The energy content for both pairs of modes (helical spiral and mutual inductance instability) is more balanced than in the linear region, with
values between 25% and 30% for the mutual inductance modes and around 20% for the helical spiral modes. Shear and thermal stratification
increase the energy content of the mutual inductance modes and decrease the energy content of the helical spiral modes.
Finally, in the turbulent region, the mutual inductance instability modes are the most dominant mode pair for all cases. For kp ¼ 3/2, their
energy percentage is higher than in the transition region, with values between 30% and 40% for kp ¼ 3/2 and values as low as 25% for kp ¼ 9/2.
As in the linear region, shear acts to reduce the energy content of these modes, while thermal stratification alone has no effect, except when
combined with shear. Note that the effect of shear and thermal stratification is more visible for kp ¼ 9/2, with fairly large differences in energy
percentages for the mutual inductance modes (from 25% to 40%) when shear an thermal stratification are added to the flow. The lowest energy
content for those modes is obtained for 20% shear + 1% thermal stratification, corresponding to the largest wake area, as demonstrated in
Figure 5. The energy percentage for the helical spiral modes is around 10%, with higher values obtained when shear is added to the ambient flow.

3.4

|

MKE flux of the POD modes

The MKE flux can be used to further investigate the effect of shear and thermal stratification on the near field evolution of wind turbines wakes.
The contributions of the most dominant pairs of POD modes to the MKE flux are evaluated on a cylindrical control volume using the POD modes
from 0R to 3:5R downstream of the turbines (Lc ¼ 3:5R, shown in Figure 1 (right). As it can be seen a square of side length 0:8R encapsulating the
root vortex was removed for the POD calculations and hence is also removed for the MKE flux calculations.
Figure 12 shows the MKE flux for the first two dominant pairs of POD modes (helical spiral modes and mutual inductance modes) for the
perturbed cases for a volume with radius Rc ¼ 1:2R. The most dominant pair of modes are highlighted with a black circle symbol, whereas the

F I G U R E 1 2 Total MKE flux (FT for each setup for kp ¼ 3/2 and kp ¼ 9/2 for a control volume enclosing Rc ¼ 1:2 and x ¼ 0– 3:5R. The first
two dominant mode pairs are shown (the helical spiral in blue and the mutual inductance mode in red). The dominance of the mode pair is
indicated by the circle for pair 1 and square for pair 2. Note that there is slight difference in the order compared with Figure 10 as the domain for
the POD analysis and MKE analysis differ
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F I G U R E 1 3 Total MKE flux for each setup with kp ¼ 3/2 for a varying control volume by altering Rc from 0:9R to 1:3R. Lc ¼ 3:5R and starts
at the turbine hub (x ¼ 0). The total MKE flux for the complete flow (F T ) is in green, for the helical spiral (F HS
T ) is in blue, and for the mutual
inductance instability (F MI
)
is
in
red
T

second most dominant pair of modes are highlighted with a black square symbol. It can be seen that the mutual inductance pair of POD modes is
always positive (in red) and is often the dominant mode (black circle symbol), except for a few cases when kp ¼ 9/2. The helical spiral pair of POD
modes is always negative with a magnitude more or less three to five times less important than the magnitude of the flux from the mutual inductance pair of POD modes. A positive flux corresponds to a transfer of energy from the ambient fluid to the wake. It suggests that tip-vortices
inhibit turbulent mixing (preventing the wake to transition to a turbulent state) and that the onset of the mutual inductance instability is the main
triggering mechanism to turbulence. When shear is added to the flow, the magnitude of the fluxes is decreased for both mode pairs, suggesting
that the helical pair of POD modes is less efficient at delaying the wake's transition to turbulence. The magnitude of MKE flux of the mutual
inductance pair is also reduced, however it is still much bigger than the helical spiral pair, hence still the main contributor to triggering the breakup
of the tip-vortices and their transition to turbulence. Another interesting result is that the amplitude of the MKE flux is more important for kp ¼
9/2 than for kp ¼ 3/2, where the effect of the shear is amplified. On the other hand, the effect of thermal stratification on the MKE flux is marginal for both perturbations, with and without shear, especially for kp ¼ 3/2. For kp ¼ 9/2, thermal stratification contributes to the reduction of
the amplitude of the MKE flux but not as much as the reduction associated with shear.
Figure 13 shows the total MKE flux for the velocity field (complete flow) and the helical spiral and mutual inductance instability pair of POD
modes for kp ¼ 3/2. Note that the trends reported in this figure are similar for kp ¼ 9/2 (not shown here for brevity). In this figure, the data are
plotted for a control volume with radii from 0:9R to 1:35R, with increment of 0:05R, and length of 3:5R from x ¼ 0 downstream of the turbines.
The amplitudes of MKE flux for the complete flow are dominated by the sum of the amplitudes of MKE flux from the two most dominant pair of
POD modes (as their energy content is always around 80% of the total energy content of the flow). It is found that the maximum MKE flux of the
complete flow and the mutual inductance instability pair of modes at any radii is obtained for the uniform flow setup, at 1:2R. The impact of shear

HODGKIN ET AL.

17

is to reduce this global maximum and increase the spread of MKE flux with radius, especially at higher radii. This can be explained by an increase
in turbulence activity around the wake edges with less intense, less localised fluxes (the energy of the wake is spread out).
The MKE flux of the mutual inductance instability pair is negative up to a radial distance after which it switches to positive and grows. The
radius at which this change occurs depends on the shear and thermal stratification intensity. For instance, under a uniform flow, this radius is
found to be Rc ¼ 1:1R for kp ¼ 3/2 and Rc ¼ 1:15R for kp ¼ 9/2. Thermal stratification acts towards decreasing the radius at which the value
switches from negative to positive. This coincides with a slight shift of the maximum MKE flux to the right and a larger flux is found at larger radii,
that is, the weight of the curve shifts to the right. Likewise, for 20% shear, the peak moves from Rc ¼ 1:2R with no thermal stratification, to
Rc ¼ 1:3R when the ambient temperature gradient is 1% and 2%.
The flux from the helical spiral modes reaches a local minimum usually at Rc ¼ 1R and then reaches its global minimum at Rc ¼ 1:15R (for kp ¼
3/2) and Rc ¼ 1:2R (for kp ¼ 9/2) before growing again and switching positive at Rc ¼ 1:25R. Shear shifts these minima to the left. Thermal stratification reduces the magnitude of the minima as it flattens them out, for example, for the case with 10% shear + 2% thermal stratification the first
local minimum is very small. This is also evident from the kp ¼ 3/2 cases. The mutual inductance instability is centred around the helical spiral so
that the difference in wake expansion between different cases (Figure 5) impacts the MKE flux for different control volumes. Figure 14 shows the
magnitude of the vorticity field in the (y,z) plane for 1:5R– 3:5R downstream of the turbine for the 20% shear + 1% thermal stratification case
with kp ¼ 3/2. A circle with radius of 1:2R is plotted for reference. It can be seen that the top of the wake is below the black circle while the
bottom of the wake is outside the black circle, with small turbulent structures. It suggests that transfers of energy via the MKE flux might
predominantly happen at the bottom of the wake, assuming that the small, energetic, turbulent structures are responsible for most of the mixing
between the ambient and the wake.
Comparing with the results of De Cillis et al.,26 it is found that the local MKE flux for the helical spiral is always negative at Rc ¼ 1R and experiences a large minimum peak in the first 0:25R downstream of the turbine. The influence of the mutual inductance instability mode at Rc ¼ 1R is
very small, as it becomes dominant once the vortex has expanded outside of a radius Rc ¼ 1R. At Rc ¼ 1:2R, the local MKE flux of the helical spiral
pair is mostly negative but does experience oscillations around zero towards the second half of the domain. The local MKE flux of the mutual
inductance instability pair is larger in magnitude at this radius and remains zero up to some value (near the beginning of transition region) where it
becomes positive. It oscillates to a small negative minimum before going positive again for 0% and 10% shear, whereas for 20% shear, the local
flux of the mutual inductance mode is found to always be positive.

4

|

C O N CL U S I O N S

In this numerical study, 27 high-fidelity simulations of a model turbine wake were generated using the actuator line method to assess the effect
of shear and thermal stratification on the near-wake field vortex dynamics. In order to trigger the breakup of the tip-vortices into smaller scale
turbulence, a single harmonic perturbation with different wavelengths was applied at the blade tips to promote the mutual inductance instability.
To this end, we extracted instantaneous vorticity fields, undertook Fourier analysis, conducted local and global POD of the velocity fields as well
as computed the MKE fluxes to obtain a complete and detailed picture of the underlying physical mechanisms that drive the near-wake dynamics.
Our simulation setup allowed us to study the influence of shear and thermal stratification on the tip-vortex dynamics through idealised flow
conditions. As such, it does not fully represent the ambient flow conditions of utility-scale wind turbines in the ABL. Nevertheless, our idealised
model is capable of reproducing the instability dynamics inherent to the wind turbine's helical tip-vortex system, and thus shed light into the
transition mechanisms from the near- to the far-wake field.
The application of harmonic tip perturbations leads to a near-wake breakdown in specific locations where the vortex filaments oscillate and
interact. The number of breakdown locations depends on the perturbation frequency. Our analysis shows that thermal stratification does not
impact the location where the near-wake breaks down to turbulence. On the other hand, ambient shear is found to largely determine the breakup
location as it affects the spacing between helical vortex filaments, that is, shortening the helical vortex pitch at the bottom causing an earlier local
breakdown. Inherently, this phenomenon increases the stable wake length at the top and reduces it at the bottom. Conversely, both thermal
stratification and shear affect the area of the wake. More specifically, shear increases the wake area by increasing its radius at the bottom,
whereas thermal stratification increases the wake radius at the sides. The effect is also more pronounced when thermal stratification is combined
with strong shear. The difference in the wake area between the uniform flow and the combined sheared and thermally stratified flow can be as
large as 16% for the case with 20% shear + 1% thermal stratification, compared to 9% for the respective shear-only case.
Apart from the geometry changes of the wake, certain dynamical characteristics are affected by the applied perturbation frequency and the
ambient flow. Fourier analysis of the wake velocity fields showed that the perturbation frequency, controlled by the wavenumber is a key parameter in triggering and accelerating the mutual inductance instability after a receptivity period and the initial vortex pairing. The growth rate of the
perturbation along the tip-vortices correlates with the wake shape, as we see in the planar vortex lines, with shear being larger at the bottom
where we first observe the breakdown. Again, thermal stratification causes a slight increase in the growth rate, which correlates with the slightly
earlier disruption of vortex lines, particularly at the sides.
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F I G U R E 1 4 Vorticity magnitude of 15.65 for the case with kp ¼ 3/2, 20% shear + 1% thermal stratification in the (y, z) plane, showing the
Rc ¼ 1:2R control volume circular area cross section for 1:5R– 3:5R downstream of the turbine

Further analysis using the POD method showed that the wake is made up of two dominant mode shapes (at least 80% of flow energy):
the helical spiral and the mutual inductance modes, both driving the wake evolution. The helical spiral mode is dominant in the first half of the
studied domain where the wake is laminar and the perturbation effects are not yet visible. On the other hand, the mutual inductance
mode dominates further downstream and leads to the breakup of the tip-vortex system. Shear and thermal stratification do not significantly
change the shape of these two modes, apart from causing the helical spiral to slant (shear) and altering the mode area in line with the wake area.
Nevertheless, the energy content of these modes changes with shear and thermal stratification. Interestingly, the least cumulative energy in a
finite set of modes is found for the cases with 20% shear + 1% thermal stratification, indicating the most complex flow setup in terms of energy
in structures.
The impact of the two dominant coherent structures was also studied through their mode-dependent MKE flux. It was found that the helical
spiral mode exerts a shielding effect on the wake by delaying the breakdown to turbulence, whereas the mutual inductance instability mode has
the opposite effect, promoting fluxes between the wake and its ambient. The magnitude of these effects is diminishing with increasing shear and,
to a lesser extent, with thermal stratification. Finally, shear and thermal stratification reduce the fluxes of the mutual inductance instability modes
but increase the MKE flux at larger radii.
In summary, the key finding of our study is that shear has a much larger impact on the near-wake dynamics and wake shape than thermal
stratification, although some results, particularly those on the wake shape, suggest that shear and thermal stratification need to be investigated
together to obtain the full picture. Nevertheless, we expect that the wake area could have a significant follow-on impact to the far-wake field.
The difference between 1% and 2% thermal stratification is less important than the difference between no thermal stratification and some
thermal stratification. Yet a stable thermal stratification profile alone does not slow down the perturbation growth, as is the case in a stable
boundary layer where wall shear stresses are present. Recognising the complexity of the ABL, future work would focus on the influence of
additional effects present in a stable boundary layer, such as veer and wall effects, amongst others. Additionally, dynamic control strategies that
focus on reducing the stable wake length are of particular interest as their role is to mimic the application of harmonic tip perturbations for faster
wake recovery.
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