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a b s t r a c t
In this short note, we show how to use a highly accurate ﬁnite-difference scheme to compute second derivatives in the Navier–Stokes equations while ensuring targeted numerical
dissipation. This approach, essentially non conservative, is shown to be close to an upwind
method and is straightforward to implement with a negligible computational extra cost.
The beneﬁt offered by the resulting discrete operator is illustrated for the direct computation of sound in aeroacoustics and in the more general context of large-eddy simulation
through connections with hyperviscosity and spectral vanishing viscosity.
Ó 2011 Elsevier Inc. All rights reserved.

1. Introduction
Direct and large eddy simulation (DNS/LES) of turbulent ﬂow is well known to require highly accurate numerical methods
to preserve the ﬁdelity of the physics without being overly demanding in computational resources. For geometry allowing
the use of highly structured computational mesh, DNS/LES codes are frequently based on high-order schemes without dissipation error through the use of a centered formulation. However, the loss of accuracy introduced by numerical schemes at
small scales combined with aliasing errors and other numerical artefacts (boundary conditions, failure of conservation properties at the discrete level, etc.) frequently lead to spurious oscillations at small scales, typically those close to the mesh size.
These oscillations, often called ‘‘wiggles’’, can be controlled by the physical dissipation using a highly reﬁned mesh, leading
to a drastic increase of the computational cost.
To avoid this major drawback, various techniques are commonly used to suppress or reduce wiggles at marginal resolutions. The robustness of the computational procedure can be improved by a relevant choice for the formulation of the governing equations in order to ensure some conservation properties [30,15] or through the mesh arrangement (staggered
mesh, see for instance [2,27]). The most popular method to control spurious oscillations is to use upwind schemes to compute the convective terms in order to reinforce artiﬁcially the dissipation near the mesh cutoff wavenumber. A similar effect
can be obtained using a speciﬁc artiﬁcial damping term [16,33] or a ﬁltering procedure [9,5,4]. Upwinding, damping or
ﬁltering techniques are essentially non-conservative methods that introduce more or less explicitly some numerical
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dissipation. For DNS, this artiﬁcial dissipation is dedicated to the control of wiggles. In implicit LES, it can also be interpreted
as a subgrid modelling ensured by upwinding/damping [11] or ﬁltering, this second technique being viewed as a relaxation
model that can be used alone [24,31,5,4] or in conjunction with a deconvolution model [14,13]. Finally, let us mention that in
the context of spectral methods, hyperviscosity can be used [6,12,21] to artiﬁcially extend the inertial range in a turbulent
ﬂow while ensuring some numerical dissipation near the mesh cutoff despite the artefacts discussed by [17,10]. In the same
spirit, the spectral vanishing viscosity method [32,18,28] can also be viewed as an alternative LES model which can control
the smallest scales without extra-dissipation at large scales.
The purpose of this paper is to propose a very simple scheme that can introduce straightforwardly some numerical dissipation without the use of any upwinding, damping or ﬁltering operator. In practice, the extra-dissipation is directly enclosed
in the viscous term of the Navier–Stokes equations through a speciﬁc ﬁnite difference scheme for the computation of second
derivatives. The singular behaviour obtained at small scales for compact scheme is used here to freely adjust the level of
numerical dissipation near the mesh cutoff while ensuring high-accuracy (virtually free from any numerical dissipation) at
large scales. The excellent spectral property of the scheme will be shown through similarities with previous high-order upwind approaches. The ability of the resulting discretization error to behave like a spectral viscosity will also be exhibited.
2. Numerical dissipation via the second derivative approximation
For the second derivative, the 3–7 stencil1 formulation
00
00
afi1
þ fi00 þ afiþ1
¼a

fiþ1  2f i þ fi1
fiþ2  2f i þ fi2
fiþ3  2f i þ fi3
þb
þc
Dx2
4Dx2
9 Dx2

ð1Þ

leads to a four parameters (a, a, b, c) ﬁnite difference scheme that can be at the best eighth-order accurate through the four
constraints: (i) a + b + c = 1 + 2a (Dx2 condition); (ii) a + 4b + 9c = 12a (Dx4 condition); (iii) a + 16b + 81c = 30a (Dx6 condition); (iv) a + 64b + 729c = 56a (Dx8 condition). Here, fi = f(xi), fi0 ¼ f 0 ðxi Þ and fi00 ¼ f 00 ðxi Þ denote the values of the function
f(x) and its ﬁrst f0 (x) and second f00 (x) derivatives at the nodes xi = (i  1)Dx where Dx is the uniform mesh spacing.
In the framework of Fourier analysis, it is well known that a modiﬁed square wavenumber k00 can be related to the scheme
(1) with the expression
00

k Dx2 ¼

2a½1  cosðkDxÞ þ 2b ½1  cosð2kDxÞ þ 2c
½1  cosð3kDxÞ
9
1 þ 2a cosðkDxÞ

ð2Þ

The main purpose of this short note is to show how numerical dissipation can be directly controlled without the need of
any upwinding procedure or additional discrete operator. The basic idea is to notice that k00 in (2) admits one singularity for
a = 1/2 at the cutoff wavenumber kcDx = p. The option proposed here is to freely adjust a and then control the shape of k00
while preserving the sixth-order accuracy through relationships (i, ii, iii). In practice, we can take advantage of the singularity
00
of k00 to increase as much as required k00 near the cutoff wavenumber kc through a ? 1/2. Noting kc the expected value of k00 at
00
00
the cutoff wavenumber, i. e. k jp ¼ kc , it is easy to show that this condition combined with the sixth-order accuracy can be
satisﬁed using the set of coefﬁcients
00

a¼

272  45kc Dx2
;
00
416  90kc Dx2

00

a¼

48  135kc Dx2
;
00
1664  360kc Dx2

00

b¼

528  81kc Dx2
;
00
208  45kc Dx2

00

c¼

432 þ 63kc Dx2
00
1664  360kc Dx2

ð3Þ
00

To illustrate the accuracy and ﬂexibility of the resulting scheme, a set of k00 Dx2 is plotted in Fig. 1 for kc Dx2 ¼ np2 , where n
00
is an integer with n = 1, . . . , 10. The conventional sixth-order compact scheme with c = 0 [23] (leading to kc Dx2 ¼ 48=7 with a
sub-dissipative behaviour) is also presented for comparison. It can be observed that the range of high wavenumbers where k00
overestimates the exact value k2 remains remarkably narrow even when the overestimation is strong (e.g. n = 10). In practical applications, the use of high value for n (leading to the quasi-singular condition a  1/2) would simply require an implicit time marching to avoid the numerical stability limit mDt/Dx2 < rr/np2 (with for instance rr = 2.5 for a RK3 scheme) in
the framework discussed later in Section 3.
For some speciﬁc DNS/LES applications, it can be useful to extend this over-dissipation in a wider range. To illustrate this
point without any stencil extension, the sixth-order constraint (iii) can be sacriﬁced leaving free two parameters among
(a, a, b, c) to preserve a fourth-order accuracy. Then, two additional relationships can be chosen through for instance the con00
00
dition on k00 at the cutoff wavenumber but also at an intermediate scale like kDx = 2p/3, namely k j2p=3 ¼ km . It is easy to
show that the relationships (i, ii) combined with these two requirements lead to the set of coefﬁcients
00

00

00

a¼

64km Dx2  27kc Dx2  96
;
00
00
64km Dx2  54kc Dx2 þ 48

b¼

192km Dx2  216kc Dx2 þ 24kc Dx2 km Dx2  48
;
00
00
64km Dx2  54kc Dx2 þ 48

00

00

a¼
00

00

00

54kc Dx2  15kc Dx2 km Dx2 þ 12
00
00
64km Dx2  54kc Dx2 þ 48
00

00

c¼

00

The interest of the corresponding scheme will be shown in the next sections.
1

Present approach can be easily generalized for other stencils.

00

54kc Dx2  9kc Dx2 km Dx2  108
00
00
64km Dx2  54kc Dx2 þ 48

ð4Þ
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Fig. 1. Modiﬁed square wavenumbers k00 Dx2 for the sixth-order scheme (1), (3) imposing kc Dx2 jp ¼ np2 with n = 1, . . . , 10 (blue solid line, from bottom to
top) compared with the exact square wavenumber k2Dx2 (green dotted line) and with the conventional sixth-order scheme (1, c = 0) (red dashed line). The
right plot is a zoom of the left one. (For interpretation of the references to colour in this ﬁgure legend, the reader is referred to the web version of this
article.)

3. Comparison for a convection/diffusion equation

@u
@t

In the framework of Fourier analysis, it is well known that solving a linear convection/diffusion equation of the form
h
i
0
2
ikðxi  c kkR tÞ

¼ c @u
þ m @@x2u using ﬁnite difference schemes provides a semi-discretized solution uðxi ; tÞ ¼ exp
@x
00

0

0

0

0

exp½ðmk  ckI Þt where k ¼ kR þ ikI and k00 are the modiﬁed wavenumbers related to the ﬁrst and second derivative approximations respectively. Due to the centered formulation of (1), k00 is real (as its exact value of reference k2) whereas k0 can be
complex, allowing the possibility to consider backward differences. The comparison between these approximations and the
exact solution u(x, t) = exp[ik(x  ct)]exp (mk2t) leads to the natural distinction between dispersion and dissipation errors.
00

2

k0

 ReDx k2 DI x where ReDx = cDx/m is the mesh Reynolds number.
Here, we focus on the dissipation error deﬁned as Ediss ¼ k kk
2
The purpose of this section is to show that the scheme (1) used with the set of coefﬁcients (3), (4) introduces a numerical
dissipation similar to the one obtained using an upwind scheme. For instance, Fig. 2 presents the numerical dissipation obtained using the ﬁfth-order upwind schemes of [29] or [1] combined with a conventional sixth-order compact scheme
(1, c = 0) for the second derivative with a typical mesh Reynolds number ReDx = 200. In the same ﬁgure, the numerical dissipation provided by the scheme (1), (3) or (1), (4) alone is also presented. The coefﬁcients of these schemes have been adjusted to provide the same dissipation error Edissjp at the cutoff wavenumber using (3) and with an additional constraint on
Edissj2p/3 using (4). Compared with the two upwind combinations, the numerical dissipation introduced by the sixth-order
scheme given by (1), (3) is found to be more concentrated near the cutoff, allowing the same efﬁciency for the control of

Fig. 2. Dissipation error Ediss for upwind schemes [1,29] combined with a conventional sixth-order compact scheme (1, c = 0) to compute the second
derivative and for the present schemes (1), (3) or (1), (4) at ReDx = 200.
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grid-to-grid oscillations while being signiﬁcantly less intrusive over a wide range of wavenumbers. It is worth noting that
this favourable behaviour can be obtained without any optimization procedure. In contrary, for applications where a more
extended numerical dissipation is expected, the fourth-order given by (1), (4) is found to mimic remarkably well the two
ﬁfth-order upwind schemes considered here, as far as a linear convection/diffusion equation is concerned.
4. Analogy with hyperviscosity and spectral vanishing viscosity
Due to the ﬂexibility of the present viscous operator, it has also the potential to be used to mimic the subgrid-scale dissipation in the context of LES. In particular, the numerical dissipation can be viewed as a spectral viscosity. In practice, to be
meaningful, the dissipation introduced by the discrete operator mk00 has to be compared with the exact one (free from discretization error) (m + ms)k2 where m and ms are the molecular and spectral viscosity respectively. Then, a spectral viscosity
m00s associated with the discretization error can be introduced by the expression ðm þ m00s Þk2 ¼ mk00 leading to the deﬁnition
m00s ¼ mðk00  k2 Þ=k2 . This expression can be compared with a hyperviscosity expressed as ms = m0 k2n2 where n and m0 are
the power and coefﬁcient of the hyperviscous operator respectively. An example of the agreement obtained is presented
in Fig. 3 (a) for the case n = 4 and m/m0 = 0.01 using the fourth-order scheme (1), (4) with a coefﬁcient calibration to ﬁt the
hyperviscosity at k = kc and k = 2kc/3. In particular, it can be observed that the present scheme is more representative of a
hyperviscosity over the full range k 2 [0, kc] compared with an iterated sixth-order scheme (1, c = 0) which is, in addition, signiﬁcantly more expensive in terms of computational time. As a consequence, in the context of isotropic turbulence, the enR k 2n
ergy hyperdissipation e ¼ 2m0 0 c k EðkÞdk is clearly more accurately estimated using the scheme (1), (4) than using an
iterated discrete Laplacian operator discretized with a conventional scheme (see Fig. 3, a).
In the same spirit, the fourth-order scheme (1), (4) can be used to mimic a spectral vanishing viscosity (SVV) operator.
Two examples of comparison between the discrete spectral viscosity m00s associated with the scheme (1), (4) and the SVV ex 
2 
kc k
are presented in Fig. 3 (b). Both schemes are adjusted to lead to the same dissipation at
pressed as ms ðkÞ ¼ m0 exp  0:3k
c k
the cutoff wavenumber while being more or less concentrated in the small scale range. The ability of the scheme (1), (4) to
mimic a SVV operator is acceptable even if the separation between the dissipative range and the viscosity-free large scales is
less sharp. To better ﬁt SVV at small wave numbers using the scheme (1), (4), it is necessary to shorten the dissipative range,
so that the global dissipation is also reduced as shown in Fig. 3 (b). In conclusion, the present scheme can be viewed as a very
simple extension of the SVV approach to ﬁnite-difference methods. A secondary advantage of this extension is that both
molecular and spectral viscosity effects are included in a single operator with again no signiﬁcant computational extra-cost
compared with a conventional viscous operator. Naturally, other kernels of spectral viscosity can be considered, as for instance the ‘‘cusp behaviour’’ [22] in a spectral eddy viscosity model that can be easily reproduced (not shown) using the
scheme (1), (4).
5. Applications
The dissipation properties of the sixth-order scheme (1), (3) have already been successfully used to carry out threedimensional DNS of incompressible turbulent ﬂows in a plane channel [19] and over a half-body through a laminar
separation [20]. In this section, a more selective test case is considered in the context of direct computation of sound. This

Fig. 3. Comparison among the spectral viscosity

m00s introduced by the scheme (1), (4), the hyperviscosity (a) and the SVV kernel (b).
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framework is well known to be very demanding in terms of numerical accuracy, especially when spurious oscillations must
remain weak with respect to low amplitude acoustic waves at moderate Mach numbers. Here, the sound emission of a
canonical two-dimensional compressible mixing layer is considered by DNS using a code already validated for this speciﬁc
ﬂow conﬁguration [25,7].
The mixing layer is spatially evolving between two free-streams of velocity U1 = 0.5c2 and U2 = 0.25c2 where c2 is the
sound speed of reference. The Reynolds number based on the velocity difference U1  U2 and on the inﬂow vorticity thickness dx is 400. The computational domain Lx  Ly = 800dx  800dx is discretized using nx  ny = 1035  431 mesh nodes on a
Cartesian mesh stretched in x and y. This spatial resolution is marginal with a mesh Reynolds number ReDx  200 in the shear
region. Sixth-order compact centered schemes are used for the spatial differentiation. To obtain accurate non-reﬂecting
boundary conditions, buffer zones with aerodynamic and acoustic dissipation/absorption are used [25].
Concerning the vortex dynamics reproduced by present DNS, vortex roll-up and pairings are observed as the ﬂow develops further downstream. As already shown in the previous DNS studies of [8,3], these events, especially the pairing, generate
acoustic waves that propagate in both sides of the mixing layer. These waves can be highlighted through a visualization of
the ﬂuctuating pressure, as shown in Fig. 4 (b) in good agreement with the reference results [8,3]. However, at the present
marginal resolution, the lack of any numerical dissipation is found to prevent the production of reliable acoustic results, as
illustrated in Fig. 4 (a) where spurious acoustic waves are found to contaminate the whole acoustic ﬁeld. The exact production mechanism of these spurious acoustic waves is difﬁcult to understand. A serious analysis would require to consider the
interactions among the boundary condition treatment, the numerical errors and the sound generation due to the vortex
dynamics. [7] have already shown the favourable behaviour of the upwind schemes of [1] that can suppress this acoustic
contamination at marginal resolution. Here, it is shown that in a similar numerical conﬁguration, the use of the sixth-order
scheme (1), (3) can also control the spurious acoustic waves without the need of any upwinding (see Fig. 4, b). Naturally, for
the description of highly nonlinear compressible phenomena like shocks, additional tests are required to conﬁrm the ability
of the present viscous operator to stabilize and regularize the corresponding oscillations.
As a second practical example, the ability of the scheme (1), (4) to be used as a SVV operator is considered. For this purpose, a LES of a turbulent channel ﬂow is performed with a Reynolds number Rem = Umh/m = 6882 where Um is the bulk velocity and h the half-width channel. The same ﬂow conﬁguration as the DNS of [26] is considered (computational domain of
Lx  Ly  Lz = 2ph  2h  ph with periodicity in the longitudinal and spanwise directions x, z and no-slip conditions at
y = ±h) but using a coarse mesh nx  ny  nz = 64  129  48. The grid is stretched in the normal y-direction with
0.9 < Dy+ < 41. The LES has been performed using the code ‘‘Incompact3d’’ [19] that solves the incompressible Navier–Stokes
equations on a Cartesian mesh using high-order compact ﬁnite difference schemes [23]. The viscous term is discretized using
the fourth-order scheme (1), (4) adjusted to mimic a SVV operator as shown in Fig. 3 (b) with m/m0 = 1/3 or equivalently
00
kc Dx2 ¼ 4p2 . The friction velocity obtained in this calculation lead to a nominal value of h+ = 390, in excellent agreement
with the reference value of h+ = 392 reported in [26]. The beneﬁt offered by the use of present SVV operator-like can be conﬁrmed by the examination of the mean velocity proﬁle (see Fig. 5, a) that is found to ﬁt remarkably well the DNS data. A
similar agreement of turbulent statistical data can be observed for the turbulent intensities presented in Fig. 5 (b). In

Fig. 4. Pressure map using conventional sixth-order centered schemes without numerical dissipation (a) or using the scheme (1), (3) for the calculation of
second derivatives (b).
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Fig. 5. Mean velocity and turbulent intensity proﬁles in a turbulent channel ﬂow. Solid lines: LES using the scheme (1), (4) to provide a SVV operator-like.
Symbols: reference DNS [26].

conclusion, these results indicate that the present high-order numerical dissipation can be helpful to perform accurate LES
without any explicit modelling of subgrid scales, in the same spirit as an approach based on SVV.
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