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a b s t r a c t

The separation bubble formed over a 2D half-body is studied by direct numerical simulation. The aim of
this work is to consider the physical influence of the shape of the body that can be viewed as a thick half-
plate with a front edge more or less rounded. The present generic body geometry is defined with a unique
parameter g ¼ R=H corresponding to the ratio of the curvature radius R of the front edge over the body
height H. In this paper, 18 calculations are presented depending on: (i) the value of g with
g ¼ 0:125; 0:25; 0:5; 1; (ii) the 2D/3D nature of the computation; (iii) the inflow perturbations used
to mimic residual turbulence in the free stream velocity U1. Only one Reynolds number Re ¼ U1H=m is
used for every simulation, allowing us to focus on the curvature effects over the separation bubble
dynamics. The value of the Reynolds number ðRe ¼ 2000Þ combined with the resolution demand of the
front edge (close to a sharp corner for the highest curvature case) requires to simulate the flow using
up to 876 million mesh nodes. The curvature effects are found to deeply influence the separation bubble
dynamics, with a significant expansion of the separated region size predicted by 3D computations. This
expansion is driven by the separation angle rise combined with the reinforcement of turbulence levels as
the curvature is increased. These trends are associated with a change of bubble sensitivity with respect to
upstream/downstream perturbations that can be interpreted in terms of convective/absolute stability.

� 2010 Elsevier Inc. All rights reserved.
1. Introduction

In many practical situations, flow separation is triggered by a
sharp edge. In the context of bluff body, edges can be advanta-
geously smoothed to improve the aerodynamic characteristics of
the body while better controlling the production of noise or
vibrations. Despite the practical knowledge of these types of
influence (especially in the car industry), there is no clear under-
standing of the physical mechanisms involved in the change of
the resulting flow separation depending on the shape of the edge.
In this study, our goal is to focus on these effects by considering a
generic configuration where the flow separates over a rounded
edge. The change of dynamics will be analyzed through its influ-
ence on: (i) the mean flow (separation bubble features); (ii) the
production of turbulent kinetic energy; (iii) the receptivity with
respect to inflow perturbations.
ll rights reserved.
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In a previous study (Lamballais et al., 2008), we already have
considered by direct numerical simulation (DNS) the curvature ef-
fects through comparisons between 2D and 3D flow separations
behind two different front edges more or less rounded. Because
interesting behaviours have been observed for a purely 2D body,
our purpose in this work is to focus on this type of geometry by
considering a wider range of rounded edges. Additionally, in order
to reduce the influence of viscous effects on the dynamics, a higher
Reynolds number is considered while maintaining the DNS strat-
egy. This improvement of our results in terms of realism has re-
quired to increase drastically the computational effort with the
help of the new generation of supercomputers.

This paper is organised as follows. In Section 2, the physical and
numerical configurations are introduced. In the following three
sections, the results are presented through analysis of instanta-
neous visualizations (Section 3), the mean flow (section 4) and
the turbulent kinetic energy (Section 5). Then, the question of
the receptivity of the flow with respect to upstream conditions is
addressed in terms of statistical (Section 6) and deterministic (Sec-
tion 7) sensitivity that is associated with the backflow inside the
bubble (Section 8). Finally, the main conclusions of this study are
summarized in Section 9.
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Fig. 1. Schematic view of the flow configuration.
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2. Flow configuration and numerical method

2.1. Flow configuration

In this paper, we consider the flow over a semi-infinite 2D body
presenting a single curved leading edge. The flow configuration is
presented in Fig. 1. Only a half model is considered through the
imposition of mirror conditions (i.e. free-slip) at y ¼ 0. This
assumption allows the reduction of the computational storage by
a factor two while fixing by construction the location of the stagna-
tion point at ðx; yÞ ¼ ðxs; 0Þ with xs ¼ 8H. The present body geom-
etry is fully determined by its height H and its constant edge radius
R, with a unique nondimensional parameter g ¼ R=H with 0 6 g 6
1. The value g ¼ 0 refers to an infinitely sharp edge (square corner)
while g ¼ 1 corresponds to a perfectly rounded leading edge over
its full height (quarter round). Using the constant mean velocity
Fig. 2. Maps of spanwise vorticity xz . From top to bottom: g ¼ 0:125 (3D), g ¼ 0:12
U1 at the inflow section as reference velocity, the Reynolds num-
ber can be defined as Re ¼ U1H=m. Basically, the flow configuration
in an infinite domain free from any perturbations is fully deter-
mined by the parameter couple g and Re. In this paper, four differ-
ent curvatures are examined with g ¼ 0:125; 0:25; 0:5; 1. To
better identify the 3D effects, especially inside the separation bub-
ble, these four flow geometries are compared using 3D and 2D DNS
with and without inflow perturbations. Two additional 3D DNS (for
g ¼ 0:25; 1) based on a strong inlet excitation are also presented.
2.2. Numerical method

To simulate the flow, the DNS code ‘‘Incompact3d” is used in a
recent version adapted to parallel supercomputers (Laizet et al.,
2010). This code is based on compact sixth-order finite difference
schemes for the spatial differentiation and a second order
Adams–Bashforth scheme for the time integration (Laizet and Lam-
ballais, 2009). The incompressible Navier–Stokes equations are di-
rectly solved in a computational domain Lx � Ly � Lz on a Cartesian
mesh (regular in x; z and stretched in y). The presence of the body
is modelled with an immersed boundary method (IBM) adapted to
the use of high-order schemes (Parnaudeau et al., 2008).

For the present study, an improvement of the method is carried
out with the help of an extra-dissipation introduced artificially via
the viscous term. This opportunity is offered by the use of compact
schemes to compute second derivatives. This family of finite differ-
ence scheme can be easily adjusted to be over-dissipative on a nar-
row range of scales in the neighbourhood of the cutoff wave
number associated with the mesh. For a linear convection/diffusion
equation, it can be shown that this extra-dissipation is more con-
centrated at the highest wave numbers (allowed by the mesh) than
the one introduced by high-order upwind schemes, even in a low-
dissipation formulation like in Adams and Shariff (1996). This
5 (2D), g ¼ 1 (3D), g ¼ 1 (2D). DNS with inflow perturbations u0inflow ¼ 0:1%U1.



Fig. 3. Perpective views of vorticity modulus isosurface x ¼ 8U1=H for
g ¼ 0:125; 0:25; 0:5; 1 (from top to bottom). Results from 3D DNS with inflow
perturbations u0inflow ¼ 0:1%U1 .
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numerical treatment is very easy to implement without any signif-
icant computational extra-cost contrary to the use of an upwind
formulation. It is also more effective and cheaper for the control
of aliasing errors (non-negligible when high-order schemes are
used) by comparison with a compact filtering of the non-linear
terms for the present calculations. Moreover, the small wiggles
created by the use of an IBM are also better reduced by the ex-
tra-dissipation compared with a filtering procedure. Here, only a
local and explicit filtering of the non-linear terms is performed
through a small patch located in front of the half-body. The use
of this patch has been found to slightly improve the regularity of
the solution in the near-body region without any detectable effects
on the dynamics of the flow. Finally, note that the numerical vis-
cosity introduced by the present discretization (for details about
the coefficients of the finite difference scheme used in this study,
see Laizet and Lamballais, 2009) is only concentrated at the highest
wave numbers so that it cannot replace a subgrid-scale model in
the context of large eddy simulation (LES). Therefore, present
DNS should not be viewed as implicit LES but instead as DNS per-
formed at marginal resolution (with respect to the Reynolds num-
ber) with a slight regularization procedure to control wiggles
introduced by aliasing errors and the IBM forcing.

2.3. Physical and numerical parameters

Two types of mesh are used in the same computational domain
Lx � Ly � Lz ¼ 20:25H � 16H � 6H. For the moderate curvature
cases g ¼ 0:25; 0:5; 1, the use of nx � ny � nz ¼ 1621� 451� 300
mesh nodes allows us to reach Re ¼ 2000 with a satisfactory
numerical accuracy. Note that this spatial resolution ensures to de-
scribe the rounded edge geometry using at least 20 mesh nodes by
curvature radius. To preserve this criterion, the case g ¼ 0:125 has
required to use a grid of nx � ny � nz ¼ 3241� 901� 300 mesh
nodes while considering the same Reynolds number. For the 2D
DNS ðnz ¼ 1; Lz ¼ 1Þ, exactly the same resolutions have been
used. The boundary conditions imposed are inflow/outflow in x,
free-slip in y and for 3D calculations, periodicity in z.

The inflow velocity ðU1; 0; 0Þ can be perturbed through
the superimposition of velocity fluctuations ðu0; v 0; w0Þwhere each
component corresponds to a low amplitude noise (without cross-
correlation) with the same root mean square u0inflow ¼ 0:1%; 1%U1.
This noise is computed to excite randomly and equally (in mean)
all the length scales up to a cutoff wavelength of H=6 with a perfect
time periodicity of T ¼ 40H=U1. Note that we have checked in a pre-
liminary spectral analysis of the velocity fluctuations further down-
stream (inside and behind the separation bubble) that this time
periodicity does not introduce any artificial dominant frequency
(for instance f ¼ 1=T), the flow being found to develop its intrinsic
instabilities with similar frequencies with or without inflow pertur-
bations. Statistics are collected on a duration multiple of this partic-
ular period (after a transient stage to obtain a well established flow)
with an additional average in the homogeneous z-direction for 3D
calculations. The marginal statistical convergence reached by 3D
DNS using only two periods ð2T ¼ 80H=U1Þhas been considered en-
ough as far as the following analyses are concerned. Naturally, a
quantitative study of low frequency phenomena would require to
consider a clearly larger integration time to provide accurate statis-
tics. For present 2D DNS, due to the lack of average in z-direction, we
have used at least forty periods ð40T ¼ 1600H=U1Þ to reach an
acceptable statistical convergence.

As already mentioned, the present study is based on 18 calcula-
tions where four different front-edge curvatures are considered by
2D and 3D DNS with and without inflow perturbations. All the data
issued from these calculations have been exploited but in the rest
of this paper, only a selection of results is presented to highlight
the influence of g on the separation dynamics.
3. Instantaneous visualizations

First, some comments should be made about results from 2D
DNS. It is well known that the 2D assumption can lead to an unre-
alistic flow especially for the present separated flow that is highly
unstable with respect to 3D perturbations. In consequence, present
2D DNS should be viewed as a reduced model where 3D motions
are artificially prevented without expecting any relevancy with re-
spect to the corresponding flow in real life. This point is illustrated
in Fig. 2 where spanwise vorticity maps are compared from 2D and
3D DNS for the two extreme curvatures considered here, namely
g ¼ 0:125; 1. The resulting 2D dynamics is shown to differ drasti-
cally from the 3D one, with a quasi-periodic shedding of very large
scale vortices from the bubble separation. For these structures,
clockwise vortices (of same vorticity as the shear layer at the start
of the separation) dominate their counterclockwise counterparts
formed in the near-wall region inside the separation. For the 3D
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results, a comparable formation of nearly-2D Kelvin–Helmholtz
vortices can be recovered, but further downstream, the occurrence
of a turbulence breakdown destroys the 2D coherence of the large
scale structures as they travel through and behind the separation
(see also Fig. 3).

A more complete view of the 3D dynamics can be obtained by
volume visualizations of a characteristic vorticity isosurface as pre-
Fig. 4. Mean streamlines for g ¼ 0:125; 0:25; 0:5; 1. Results from
sented in Fig. 3 for the four curvatures considered. This type of
view reveals clearly the highly 3D nature of the flow structures
that develop in the separated region of the flow. Qualitatively,
comparisons between the different body geometries show that
the separation is deeply modified by the shape of the front edge
with a more marked turbulent behaviour when the curvature is
high. The breakdown to turbulence occurs clearly earlier as the
3D and 2D DNS with inflow perturbations u0inflow ¼ 0:1%U1 .



Table 1
Recirculation length lr , separation bubble height hr , distance between the separation
bubble centre and the separation point Dxc ¼ xc � x0, separation angle h, maximum of
the turbulent kinetic energy kmax, distance between the upstream location of the
contour k ¼ 1%U2

1 and the separation point Dxmin ¼ xmin � x0, minimum value of the
mean longitudinal velocity Umin (highest backflow). Present results are normalized by
H and U1 . Values obtained with (u0inflow ¼ 0:1%U1 , left) and without (u0inflow ¼ 0, right)
inflow perturbations.
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curvature is increased (i.e. g #) through the appearance of small
scale longitudinal vortices that fill the separated region. The result-
ing levels of vorticity are increased accordingly with a simulta-
neous scale reduction of the vortical structures, giving the
impression of an increase of the Reynolds number for a larger lead-
ing-edge curvature. Schematically, the observation of present visu-
alizations suggests that when the front edge is sharper, the
turbulence activity inside the separation bubble is reinforced
through physical mechanisms involving the direct excitation of
the separated shear layer. This point will be addressed in the
following.
4. Bubble separation features

The examination of the mean flow allows the straightforward
differentiation of the separation bubble obtained in each case.
Here, we focus on the bubble size measured through its longitudi-
nal and vertical expansion given by its reattachment length lr and
height hr respectively. Note that lr is estimated as xr � x0 where xr

is the streamwise location where the mean flow reattaches (de-
tected here via the sign change of the longitudinal mean velocity
at the first mesh node above the wall) while x0 designates the
end location of the body curvature ðx0 ¼ xs þ RÞ where the separa-
tion is nearly observed for all the cases considered. The resulting
mean flow patterns are presented in Fig. 4 where some selected
streamlines are plotted to highlight the separation bubble shape.
Only cases with inflow perturbations u0inflow ¼ 0:1%U1 are dis-
cussed in this section, the bubble separation structure being qual-
itatively similar without inlet excitation (for quantitative
information, see Table 1). As it can be expected, the changes be-
tween 2D and 3D dynamics lead to different mean flows as re-
vealed by important modifications of the separation bubble shape.

In terms of curvature effects, the reduction of g is found to
shorten significantly lr in 2D (up to �29%) while the opposite trend
is observed in 3D (up to +45%), as shown by Table 1 and illustrated
in Fig. 5. The 2D/3D differences of the bubble shape are less pro-
nounced in its upstream part with virtually no modification of
the separation angle h (defined here as the direction of the mean
flow at x ¼ x0 with respect to the horizontal direction). This sug-
gests that the separation start remains purely 2D with a minor
influence of downstream perturbations. The major influence of
the separation angle is due to the body geometry where h goes
from 15� at the lowest curvature ðg ¼ 1Þ to 40� at the highest
one ðg ¼ 0:125Þ as shown in Fig. 6. This change of the separation
orientation leads to an increase of hr when the curvature is in-
creased (see Table 1 and Fig. 7).

For a steady flow, it can be expected that a h increase leads also
to a lr increase. However, for an unsteady separation, high turbu-
lence levels are known to reduce the recirculation zone. Because
the reduction of the curvature radius is found to increase the tur-
bulence levels, two antagonist effects are present. The combination
of these two opposite influences leads to a reduction of lr in 2D
through the very high velocity fluctuations induced by the large
scale vortices that control directly the reattachment. For the more
realistic 3D dynamics, the turbulence breakdown leads to weaker
velocity fluctuations (by comparison to the 2D case) so that the
behaviour of lr corresponds to what it can be expected for the stea-
dy case, namely a lr increase when h is high (i.e. for high curvature).

Present lr value for g ¼ 1 in the 3D case is in good agreement
with the one obtained by Yang and Voke (2001) in their LES
(lr ¼ 5:2H at Re ¼ 1725) with only a slight underestimation of
�10%. For g ¼ 0:125, a more significant underestimation of about
�30% is found in this work by comparison with the typical value
lr � 10H reported in the literature at higher Reynolds number for
a sharp edge (see for instance Kiya and Sasaki, 1985; Suksangp-
anomrung et al., 2000; Abdalla and Yang, 2004). It is difficult to
conclude about the reason of this discrepancy that could be simply
due the difference of geometry, g ¼ 0:125 being not small enough
to corresponds to a sharp edge with g ¼ 0. Another possibility is
that present relatively low Reynolds number leads to more 2D pri-
mary instabilities with a resulting shortening of the bubble length.
Moreover, the limited spanwise extension of the computational
domain used here ðLz ¼ 6HÞ could also contribute artificially to this
behaviour.

An interesting change in the structural features of the separation
bubble is related to the relative location of its centre detected as the
singular point (of zero velocity) corresponding to a focus that is nei-
ther divergent nor convergent for the present 2D geometry (Delery,
2001; Lamballais et al., 2008). The examination of Fig. 4 clearly
shows that the centre moves toward the reattachment point as
the curvature is decreased, for 3D as well as for 2D results. This
information is confirmed quantitatively in Table 1 where the differ-
ent values of the distance Dxc ¼ xc � x0 between the centre stream-
wise location xc and the separation point are reported for each case
with a renormalization by lr . This trend can be interpreted as a con-
sequence of the instability source that moves toward the reattach-
ment zone at low curvature with the creation of an extended ‘‘dead
flow” region in the upstream part of the separation bubble where
the flow is virtually stationary. In contrary, when the curvature is
increased, the upstream shifting of the bubble centre leads to a
reduction of this quiet zone, suggesting a corresponding displace-
ment of the instability source. Note also the more complex struc-
ture of the separation bubble at g ¼ 0:125; 0:25 where a
secondary recirculation region is unambiguously detected in 3D
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at a location where non-negligible perturbations can already be
suspected. This secondary bubble is always recovered in 2D, con-
firming that the bubble dynamics in 2D cases responds to different
excitation mechanisms compared with 3D cases.

5. Turbulent kinetic energy

To have a better idea about the location of the main unsteady
regions of the flow, turbulent kinetic energy contours are pre-
sented in Fig. 8 for 3D cases with inflow perturbations u0inflow ¼
0:1%U1. Qualitatively, similar patterns are obtained from 3D
DNS without inflow perturbations with a simple shifting of the
contours further downstream, especially for the low curvature
cases (see next section). The main values of the fluctuating kinetic
energy k in 2D cases are reported in Table 1 for completeness with-
out specific comments due to the very different nature of k produc-
tion/dissipation for the 2D regime.

3D results exhibit (see Fig. 8) a rise of the turbulence levels as
the curvature is increased, in agreement with the previous qualita-
tive analysis based on instantaneous visualizations. The region for
which k is significant is considerably enlarged for small g, with an
increase of kmax up to +50% compared with the low curvature case
g ¼ 1. The location of kmax can be related to the separation bubble
centre with a similar shifting toward the reattachment zone for
low curvature cases. The move of the turbulent intensity suggests
again a change of the instability source locations which drive the
unsteady processes.

Additionally, it is worth noting that the upstream location xmin

of the contour k ¼ 1%U2
1 moves toward the separation point as

the curvature is increased. This behaviour is shown by Table 1
where the distance Dxmin ¼ xmin � x0 is reduced by more than
�50% for the highest curvature case compared with g ¼ 1. Note
that the forward peak of the contour k ¼ 1%U2

1 suggests that pri-
mary instabilities are triggered in the separated shear layer, this
view being qualitatively confirmed with the instantaneous visual-
izations. However, this peak is not exactly centred on the shear
layer with a slight shift toward the wall. This feature, connected
with the upstream/downstream influences on the bubble dynam-
ics, is the main subject of the following three sections.
Fig. 5. Curvature and inlet excitation effects on the reattachment length lr . Red lines:
(without inflow perturbation). (For interpretation of the references to colour in this figu
6. Influence of inflow perturbations

In this section, we consider the influence of the amplitude of the
inlet excitation through comparisons between the cases with and
without inflow perturbations. First, it is important to point out that
the level of inlet excitation ðu0inflow ¼ 0:1%U1Þ is relatively low in
order to correspond to a weak residual turbulence in the main
stream. This is in contrast with our previous study (Lamballais
et al., 2008) on laminar separation where inflow fluctuations were
10 times higher in order to correspond to experiments in a water
tunnel (Courtine et al., 2007). Here, the receptivity of the flow with
respect to upstream fluctuations is discussed thanks to a compar-
ison between results obtained with this slight upstream unsteady
forcing and results free from any inflow perturbations except the
numerical errors of significantly lower amplitude.

A strong sensitivity of the separation bubble with respect to in-
let excitation can be noticed in Table 1 at low curvature. For in-
stance, lr is found to increase by more than +60% in 3D (+23% in
2D) for g ¼ 1 when the inlet is free from perturbations, this strong
effect being somewhat unexpected regarding the low level of in-
flow perturbations of the reference case. When the curvature of
the front edge is more pronounced, this sensitivity of the bubble
size is reduced with only a +7% increase of lr at g ¼ 0:125 when
the inlet excitation is removed. For the 2D cases, lr becomes nearly
independent of the level of inflow fluctuations when g 6 0:5. An
illustration of these effects can be seen in Fig. 5. Concerning the
bubble height, a similar behaviour is recovered with an increase
of hr when inflow perturbations are suppressed, this increase being
clearly less marked for high curvature, with for instance +42% at
g ¼ 1 against only +4% at g ¼ 0:125 in 3D DNS (see Table 1 and
Fig. 7). These changes of the bubble size cannot be attributed to
the separation angle h that does not show any significant sensitiv-
ity with respect to the inlet excitation (see Table 1).

The sensitivity of the flow with respect to inflow perturbations
can be interpreted as a feature of convective instability while the
receptivity reduction can be associated with an absolutely unstable
behaviour. From this view, 2D mechanisms are found to increase
the efficiency of absolutely unstable processes that seem to domi-
nate the overall dynamics of the separation bubble. However,
3D DNS. Blue lines: 2D DNS. Solid lines: u0inflow ¼ 0:1%U1 . Dashed lines: u0inflow ¼ 0
re legend, the reader is referred to the web version of this article.)



Fig. 6. Curvature effects on the separation angle h. Red lines: 3D DNS. Blue lines: 2D DNS. u0inflow ¼ 0:1%U1. (For interpretation of the references to colour in this figure legend,
the reader is referred to the web version of this article.)

Fig. 7. Curvature and inlet excitation effects on the bubble height hr . Red lines: 3D DNS. Blue lines: 2D DNS. Solid lines: u0inflow ¼ 0:1%U1 . Dashed lines: u0inflow ¼ 0 (without
inflow perturbation). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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when 3D motions are allowed, the flow becomes unstable with re-
spect to 3D perturbations, the resulting 3D dynamics being found
more receptive to inflow fluctuations, especially for moderate cur-
vature cases. To summarize, 2D mechanisms are found more effi-
cient for the self-excitation of the flow but at the same time,
they are dominated by 3D processes that reduce their efficiency
while preserving the sensitivity of the flow with respect to inflow
conditions, this sensitivity being gradually reduced when g is
decreased.

An important observation is that with or without inflow pertur-
bations, all the flow cases considered here reach a self-sustaining
unsteady state. This ability of the flow to be self-excited suggests
the occurrence of absolutely unstable mechanisms governing the
separation bubble dynamics. This is in contrast with our previous
study (Lamballais et al., 2008) where the removal of inlet excita-
tion was found to lead to a transient stabilization of the flow with
a considerable enlargement of the separation bubble, its proximity
with the computational domain exit having prevented us to pur-
suit the simulation. Here, this phenomenon is not recovered. This
change of behaviour can be attributed to the use of a higher Rey-
nolds number (Re ¼ 2000 in this study against Re ¼ 1250 in Lam-
ballais et al., 2008) that seems to change the stability properties
of the flow in favour to absolute instability mechanisms. This
observation conciliates partly our previous and present results
with the ones of (Yang and Voke, 2001) who considered an inter-
mediate Reynolds number ðRe ¼ 1725Þ with g ¼ 1. They reported



Fig. 8. Turbulent kinetic energy k contours for g ¼ 0:125; 0:25; 0:5; 1 (contour levels from 0:01U2
1 by step of 0:02U2

1). Results from 3D DNS with inflow perturbations
u0inflow ¼ 0:1%U1 . The dashed line shows the delimiting streamline of the bubble.
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that their flow was able to reach a self-sustaining state (in line with
our conclusions) but they observed no significant influence of the
inflow perturbations, whereas this influence is found substantial
in our simulations.

To confirm present effects of inflow perturbations, two addi-
tional simulations have been conducted for g ¼ 0:25 and g ¼ 1
with a stronger inlet excitation of u0inflow ¼ 1%U1. For g ¼ 1; lr is
found to decrease by �32% (compared to the case
u0inflow ¼ 0:1%U1) with lr ¼ 3:2H. For g ¼ 0:25, a reduction of lr is
also recovered with lr ¼ 4:2H, the corresponding relative decrease
being of �28%. The corresponding effects on the bubble shape are
shown in Fig. 9 where the cases without inlet excitation are also
plotted. These additional tests show that the reduction of the in-
flow sensitivity with the curvature increase remains preserved
even for high amplitude inflow perturbations.

7. Deterministic response with respect to cyclic inlet excitation

In this section, we follow again the procedure proposed in
(Lamballais et al., 2008) to estimate the receptivity of the bubble
dynamics through a deterministic analysis of its response with re-
spect to a cyclic inlet excitation. As already mentioned in Section 2,
the inflow noise used at the inlet has been generated to verify a
periodicity over a cycle T ¼ 40H=U1. Recycling twice this noise
leads to two sets of flow realization more or less correlated
depending on the determinism level with respect to inflow condi-
tions. The principle of the deterministic analysis is to compare two
flow realizations at the same time inside a cycle but for two differ-
ent cycles. In the region where the flow is purely deterministic
with respect to inflow conditions, results are expected to be iden-
tical, while in other regions, a gradual decorrelation can occur.

This information can be computed statistically using a two-time
correlation where the time separation corresponds to the T-period-
icity of inflow conditions. Using an average in the homogeneous z-
direction and in time over a cycle T (denoted by the operator �h it;z),
a correlation coefficient Cðx; yÞ based on the fluctuating velocity
u0ðx; tÞ can be defined, with

Cðx; yÞ ¼
u0ðx; tÞ � u0ðx; t þ TÞh it;zffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

u0ðx; tÞ2
D E

t;z

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u0ðx; t þ TÞ2
D E

t;z

r ð1Þ

where � is a scalar product involving the three velocity components.
In regions where this coefficient is one, the flow is T-periodic and
can be said fully deterministic with respect to inflow conditions.
Smaller values of Cðx; yÞ indicate a decorellation and a correspond-
ing decrease of this type of determinism.

In practice, Cðx; yÞ has been computed here using two sets of 16
velocity fields from two consecutive cycles which have been pair-
wise correlated. The use of only two cycles prevents us to reach a
fully converged estimation of Cðx; yÞ, especially near a singular
point (of zero mean velocity) where a very slow nonstationarity
can lead to an artificial correlation (or even an anticorrelation with
negative C) between two cycles. In practice, we only have observed
this artefact in the neighbourhood of the separation point inside
the bubble, a region where the flow is almost purely stationary
with very weak velocity fluctuations. In the present analysis, this
local lack of convergence is considered rather unimportant.

Two examples of Cðx; yÞ are presented in Fig. 10 for the
case g ¼ 1 with two levels of inflow perturbations u0inflow ¼
0:1%; 1%U1. For the highest inlet excitation, in agreement with
our previous study based on the same flow with a lower Reynolds
number (Lamballais et al., 2008), the region outside the bubble and
its wake is found to be fully deterministic with C � 1 (see Fig. 10).
However, inside the bubble, correlation levels are found strongly
reduced here compared with the case presented in Lamballais
et al. (2008). This important change, observed for the same geom-
etry ðg ¼ 1Þ, can be attributed to the increase of the Reynolds



Fig. 10. Maps of the correlation coefficient Cðx; yÞ for g ¼ 1 with u0inflow ¼ 1%U1 (top) or with u0inflow ¼ 0:1%U1 (bottom). High values ðC � 1Þ are in red while low values
ðC � 0Þ are in blue. The black line shows the delimiting streamline of the bubble.

Fig. 9. Comparison among the mean streamlines obtained with three different levels of inflow perturbation u0inflow ¼ 0; 0:1; 1%U1 for g ¼ 0:25;1 (3D DNS results).
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number, while being consistent with the appearance of a self-sus-
tained regime of the bubble dynamics found in this study at
Re ¼ 2000 but not previously observed at Re ¼ 1250 in Lamballais
et al. (2008). From this point of view, the present deterministic
analysis based on the correlation coefficient C seems to be an inter-
esting tool to identify the presence of self-excitation mechanisms
through the detection of their direct consequences on the chaotic
behaviour of the bubble.

For u0inflow ¼ 0:1%U1, unexpected uncorrelated regions are de-
tected above the bubble and further downstream far from the
body. The origin of this correlation loss is difficult to determine,
especially its physical relevancy. In practice, it can be observed that
these low values of C observed outside from the active region of the
flow corresponds to very low levels of turbulent kinetic energy.
Hence, very low amplitude velocity fluctuations are found here
to be weakly deterministic. Physically, this behaviour can be ac-
cepted, but numerical errors could also be responsible of this cor-
relation loss when velocity fluctuations are too weak compared
with the machine accuracy or with the truncation error. Note in
particular that the present definition (1) of Cðx; yÞ cannot behave
correctly when u0 ! 0 due to its denominator. To eliminate this
ambiguity from the following analysis, C is now only plotted in re-
gions where a significant turbulent kinetic is produced by choosing
the threshold k > 10�4U2

1.
The corresponding maps are presented in Fig. 11 for

g ¼ 0:25; 0:5; 1 with u0inflow ¼ 0:1%U1 (low amplitude inlet excita-
tion). A comparison among these three cases reveals that the cur-
vature strongly changes the determinism of the flow in the bubble
region. First, if only the maximum value of C is considered (by
excluding inactive regions where k < 10�4U2

1 as already men-
tioned), we obtain Cmax � 95%; 70%; 45% for g ¼ 1; 0:5; 0:25
respectively. This strong decrease of Cmax confirms quantitatively
Fig. 11. Maps of the correlation coefficient Cðx; yÞ for g ¼ 0:25; 0:5; 1 with u0inflow ¼ 0:1%U
shows the delimiting streamline of the bubble. Cðx; yÞ is only shown for regions where
that self-excitation mechanisms are more efficient when the cur-
vature is high, leading to a progressive loss of determinism with re-
spect to inflow conditions. Note that maximum values of C are
found in the upper part of the bubble for the three cases, in the re-
gion of Kelvin–Helmoltz vortex formation (see Fig. 10). In the bub-
ble core, a strong decorrelation with an extended zone where
C < 10% can be observed for g ¼ 0:25; 0:5, whereas in the same
region, C > 50% can be observed for g ¼ 1. More quantitatively,
the mean value of C inside the bubble region (defined using the
delimiting streamline) is found to be Cm � 50%; 10%; 10% for
g ¼ 1; 0:5; 0:25 respectively. The present deterministic analysis
confirms again the reduction of the inflow receptivity of the bubble
when the curvature is increased, a feature that can be related to the
reinforcement of self-excitation mechanisms, these latter being ex-
pected more chaotic.

8. Reverse flow inside the bubble

The intensity of the reverse flow inside the bubble can provide a
preliminary idea about the more or less convectively unstable nat-
ure of present bubble separations. In Table 1 are reported the high-
est backflow velocities Umin for each case. The velocity profiles at
the corresponding x-locations are presented in Fig. 12 for the 2D
and 3D results obtained with inflow perturbations. Note that very
similar profiles are obtained for the cases without inflow perturba-
tions, as suggested by the very close values of Umin reported in
Table 1 with and without inlet excitation.

The major effect on Umin is due to the curvature that is found to
increase gradually the backflow (up to +65%) from g ¼ 1 to
g ¼ 0:125 both in 2D and 3D. This behaviour is consistent with
the previous comments suggesting the reinforcement of absolutely
unstable mechanisms when the curvature is increased. This trend
1 . High values (C � 1) are in red while low values ðC � 0Þ are in blue. The black line
k > 10�4U2

1.
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Fig. 12. Comparison of mean longitudinal velocity profiles for g ¼ 0:125; 0:25; 0:5; 1 at the streamwise location where the reverse flow is the strongest. Results from 3D
(left) and 2D (right) DNS with inflow perturbations u0inflow ¼ 0:1%U1 .
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occurs in 3D as well as in 2D, but the reverse flow is found to be
stronger for 2D cases and more concentrated in the near-wall re-
gion, consistently with the reduction of the bubble height hr when
3D motions are prevented (see Table 1 and Fig. 7).

A final remark about the backflow can be made about the high
values of Umin (in absolute value) even for the low curvature case in
3D. The minimal reverse flow is found to be 23% of U1, a higher va-
lue than the critical value of 15% obtained by Alam and Sandham
(2000) for the margin of convective/absolute stability in their bub-
ble. Note that even a normalization using the maximum velocity at
the same streamwise location as Umin leads to backflow always
stronger than 18% for all the cases considered here. Despite the sig-
nificant differences of present separation bubbles by comparison
with Alam and Sandham (2000), present strong reverse flow sug-
gests again the existence of an absolute instability region that gov-
erns the dynamics of all the separation bubbles presented in this
work.

9. Conclusion

The generic half-body considered here can be viewed as a thick
half-plate with a front edge more or less rounded. In this study, we
examine only the effect of the front-edge curvature by keeping
constant the Reynolds number based on the half-body height H.
To have a wide view of these effects, almost one order of magni-
tude separates the highest curvature from the lowest one consid-
ered in this paper.

For all the cases treated, a separating–reattaching flow is ob-
tained with a common feature of self-excitation in the separation
bubble revealed by the ability of each flow to lead to self-sustain-
ing unsteady processes without the need of any inlet excitation.
Despite this common property, the basic change of the front-edge
curvature is found to deeply influence the bubble dynamics.

These modifications can be observed directly on the mean flow
through the enlargement of the bubble size controlled by antago-
nist effects associated with the increase of the separation angle
combined with the turbulence reinforcement as the curvature is
increased. An additional effect is the strong increase of turbulent
kinetic energy levels in the bubble region for high curvature.
The comparison between 2D and 3D DNS results shows that 3D
motions dominate the bubble dynamics while decreasing the effi-
ciency of self-excitation mechanisms, the artificial purely 2D
dynamics being found to promote absolutely unstable processes.
For the more realistic 3D DNS, a more marked absolutely unstable
character is observed at high curvature, with a clear reduction of
the sensitivity of the flow with respect to inflow conditions. In
terms of curvature effects, 2D DNS is found to lead to irrelevant
predictions, especially the reverse influence on the reattachment
length compared with 3D DNS results.

Comparisons between cases with and without inflow perturba-
tions show that the receptivity of the flow with respect to up-
stream conditions is decreased for high curvature. This behaviour
can be observed directly on the mean flow or on turbulent statis-
tics. A deterministic analysis of the bubble dynamics response with
respect to cyclic inlet excitation confirms this loss of inflow recep-
tivity as the curvature is increased. The associated strong increase
of the backflow near the bottom of the bubble suggests the rein-
forcement of the absolutely unstable character of the separated
flow, this view being consistent with the loss of inflow receptivity
as the curvature is increased.

To get quantitative information about the curvature influence in
the absence of any turbulence fluctuation, it could be interesting to
compute the steady flow for each body at the same Reynolds num-
ber. Technically, this unstable solution should be reachable using
the present numerical code with the help of the method proposed
by Åkervik et al. (2006). Such an artificial time truncation could be
complementary to the present 3D truncation offered by 2D DNS. In
addition to the comparison among the steady flows obtained for
each leading-edge curvature (considered through the bubble fea-
tures lr ; hr ; h; Umin, etc.), the access to the base flows would allow
a stability analysis (preferably with a global viewpoint) that could
be helpful to better understand the various mechanisms, possibly
antagonist, responsible of the bubble transformations.
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